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XIAOTONG (DAWSON) YANG

NOTATION AND CONVENTIONS

Let x = (x1,...,2,) € Q@ CR", and
ou )
8xj’l,t:%j, jzl,...,n.

The gradient of u is
Vu = (0, uy...,0,u).

The Laplace operator on R" is
"L 9%u

Au = —.
b ax?

Jj=1

For any set S, contained in some ambient space X, we denote by xg the indicator
function of S

1, ze€8
: X — {0,1}, x)=1<" ’
XS 0.1 xs(z) {0, v ¢ 8.
A vector a = (aq, ..., 0p) € Njj is called a multi-index of order |a| = a1+ - -+ .
We denote o
0'“lu
Dou=
Y Ozt - Qg
and similarly for @ = z{'x5? - - - xin.
Q is the closure of 2, and 9Q = Q \ Q is the boundary.

For € bounded, we equip this set with the norm:
HUHC’"(Q) = Z sup 10%ul| oo
la]<m
This yields a Banach space.

C"™(Q) is the space of m-times differentiable functions, which are continuous up

to 0N2.
C>(2) = (N,nen C™(12) is the space of smooth functions.

F ={f: f simple, has finite measure support} C (1,., LP(R").

M is the set of measurable functions on R”.
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INTRODUCTION

These notes were written in the summer of 2025 when I taught myself harmonic analysis.
I followed Javier Douandikoetxea’s Fourier analysis and lectures by Joshua Isralowitz at
University at Albany on this YouTube channel.

1. FOURIER SERIES AND INTEGRALS

1.1. Introduction to Fourier Series and Differentiation.
Definition 1.1. A function f: R — C is 1-periodic if for all z € R and k € Z,
flz+k) = f(z).

Assume
o

f(z) = Z laj, cos(2mkx) + by, sin(2mk)]
k=0

for some ag, by € C. Then, equivalently,

oo oo
f(l‘) _ Z C_kefZM'kx + Z cke27rika:

k=0 k=1

00
— Z Ck627rik:;r
k=—0oc0
where ¢, € C. Multiplying both sides by e=2™™% yields
oo
efQWimxf(x) _ Z Ck€27ri(kfm):v‘
k=—o00

Integrate both sides over [0, 1], we get

1 0 1
/ e—27rimacf($) dr = Z Ck/ e?m(k—m)ac dr
0

0 k=—o00

o0 1
= Z Ck/o [cos(2m(k — m)x ) + isin(27(k — m)z )] d.

k=—o00

Notice that

1 if k=m,

1
/0 [cos(27r(k:—m):1:)+ism(27r(k:—m):c)]dx:{O if & £ m.

Hence every term in the infinite sum vanishes except the one with k£ = m, yielding
1
Cm = / e 2™mE £ (1) du.
0
Definition 1.2. For each function f € L(T), the sequence of Fourier coefficients of f is
1
f = [ e @) da.
0

Definition 1.3. The Fourier series of f is

Z f(kj)ekam.

k=—o00


https://www.youtube.com/@classicalharmonicanalysis3348
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Proposition 1.4. If Y22 |ck| < o0, and

o9
Z Cr 627rzkac’

k=—o00

—00

then ¢, = f(k).
Question 1.5. Consider, in general, the statement that
) s=0 Y fae (1)
k=—o0
(1) When does 1.1 converge pointwise? uniformly?
(2) If (1) holds, can we approximate f by a trigonometric polynomial? When can we
recover f by {f(k)}32_ .7
(3) If f € LBer([0,1]), p > 1, does 1.1 converge in Lbe,(]0,1])?
(4) Does 1.1 converge pointwise a.e. if f € Lbe([0,1])?
(5) If f is not 1-periodic, can we still define a “Fourier series” somehow?

Remark 1.6. If f € LP.([0,1]), then

/f de—/ f(z)dz, VaeR.

Definition 1.7. Define the partial sum

— Z f‘(k)eQka.

k=—n

Our approach to Question (1) above involves studying S, f(z) via an associated integral

operator. Notice
n

Suf@)= > ( /0 ' i f(t)dt> 2rike

k=—n
/ (k_z:ne%”’” t> f(t)dt,

where
n

Dn(CE o t) _ Z 627rik:(z—t)
k=—n
is the Dirichlet kernel. Let u = x — ¢,

) = / " D) f(x — w)du
/D Fo— tdt.

Proposition 1.8. Properties of the Dirichlet kernel:

1) [ Da(t)dt =1.
sin( (2n + 1)7t)

(2) Dalt) = sin(7rt)
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Proof. By definition,

1 n 1
/Dn(t)dt: > / e ikt g = 1.
0 k——n, 0

For (2),
Dn(t) _ Z e27ril~ct

k=—n
2n
_ e—27rint Z e27rik:t
k=0
2n
_ e—2m’nt Z(e2m‘t)k:
k=0

2mi(2n+1)t
_ 6727rint l—e ( )
- 1— 627r7lt

o—mi(2n+1)t <1 _ e2m’(2n+1)t>

e—m't 1— 627rit

e—wi(?n—i—l)t _ 627ri(2n+1)t

e—m't _ e’fl'it

sin( (2n + 1)7t )
sin(7rt) )

Notice that

r@) =15 = ( [ 1 D, (0dt) f(z)

- [ s@pawa
looks similar to ’
S, f(z) = /1 Do(t)f(z — t)dt.
So we are interested in '

|f(x) — Spf(x)] = sin( (2n + 1)7t)

1
/0<f<x>—f<x—t>)

sin(7rt)

Proposition 1.9. Suppose that

oo
D [KMex] < oo

k=—o00

If
f(:v): Z cke%ikx,

k=—o00

then

e ¢}

f(n)(l”) = Z (27rik)"ck62mkx.

k=—o00

dt|.
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Proof. The proof is by induction. Case n = 1: Let

F(z) = Z (2mik)cpe®™ e,
k=—o0
Notice
_ 0 2mik(z+h) _ 2mikx
feth =g _ s e ‘
h Pt h
e 2mikh
omike | € — 1}
= Z cre { .
k=—o00 h
Then,
h o 2mikh _ q
’f($+ f)L f( ) —F(IL‘) _ k_z_oocke%rzk:v |:6 . —27T’i/€:|
x 2mikh 1
< kz_: ek ¢ Y — 2mik
By the Mean Value Theorem,
emikh 1 < cos(2mkh) — 1 sin(27wkh)
h - h h
in(2
— k| cos(2mkh)| + 2k W‘
< A4rk.
Thus,
627r7lkh _
— 2mik| < 67k.
h
Let € > 0, fix N € N such that
€
S (6nlkl exl) < 5.
|k|>N
Then
27rzkh -1 627rikh -1
Z x| |———— —2mik| = | D+ > | el ———— — 2mik
k=—o00 k>N |k|<N
27rzkh
< Y 6mlkller] + > lewl |———— — 2mik
k|>N lk|<N
27rzl<:h -1
<= + > lewl |[———— — 2mik|.
|k|<N
Finally,
2mwikh __ 9 -1 in(2
Jim | ~ omik| = lim | 2SR i(sm( mkh) —2rik )| = 0.
h—0 h—0 h h
Pick 6 > 0 that |h| < 0 yields
827rikh _ €
— —2mik| < cY=——
h 22 k< lekl

in which we assume w.l.o.g. > ;< [cx| # 0.

Thus |h| < ¢ yields
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Now we assume the propisition is true for n — 1, suppose

[e.9]

> IkIMlex] < o0,

k=—o00

then

f("_l)(ac) _ Z (27Tik)n_1Ck€27rikx.

k=—o00

Let ¢ = (2mik)" e, then
o0
f(.’L‘) _ Z fcvke2m'lcx

k=—00

and clearly,

S Iklld] < .

k=—00
So,
) () — & 1)
Oo .
= > (2mik)ee™
k=—0o0
= Z (27Tik:)"e2mkm.
k=—o00

Proposition 1.10. If f € C™([0,1]) and

90y = ()
forl=0,1,...,n—1, then

—_

F(k) = (2mik) ™" FO0 ().

Proof. The proof follows from induction and inetgration by parts. When n =1,

A~

1
f(k) = /0 e~ £(1) du

1

672m’km 1 6727rik::p ,
)| — - x) dx
0 /0 —2mik fz)

= orik @)

1 ! —2mikx ¢/
= 27rik/0 e f(x) dx.

Assume true for n — 1, we have

A 1 .
f(k}) — (27Tik)n+1/ 672mkxf(n71)(x) dr

0
1 1 —2mika )
0 _/0 —2mik f ) d

= (2mik) " f() (k).

e—2mka:

_ (Zﬂ_ik)fnJrl [f(nl)((]}>

—2mik
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Corollary 1.11. If f(z) is as in the previous proposition, if

o= > dten

P—
and if
S () < oo,
then T
F () = i (2mik)" f (k)e* k=
P—

Proof. The proof follows from the previous proposition that

[e.9]

> k" f (k)]

|k|=0

= 3 [kI"|(2mik) ™" F ()] < oo
|k|=0
O

Remark 1.12 (Riemann-Lebesgue Lemma). If f € L*([0,1]), then lim |f (k)] = 0.

Corollary 1.13. If f is as in the previous proposition, then the Fourier series of f™ (x)
is obtained by n termuwise differentiations of the Fourier series of f(x).

Proof. The Fourier series of f(™ is

i f/-(n\)(k)e%rikx _ i (27['1]6)"]?(]{)627”’”
k=—0oc0 k=—oc0
= Y e

1.2. Convergence of Fourier Series.

Example 1.14. Extending f(z) = 2(1 — z) as a periodic function yields

FIGURE 1. “Periodic” z(1 — x)

Now we compute its Fourier coefficient

f(k) = /01 e 2R (1 — 2)dx

B -1
Coom2k2’
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W\\

FIGURE 2. f/(z

The Fourier series of f(x) is

1 1 . ) 1 X .
f(l') — 6 _ ﬁ(e%mx + 6727”30) _ 8?(647”36 + 6747rzx)
11 i cos( 27rk':r
6 m? Pt

Lemma 1.15 (Summation by parts). If S, = > p_; ag, n > 2, then
n n—1
Z agby = Z Sk(bg — bpt1) + Spbn.
k=1 k=1

Proof. The proof is by induction.

Theorem 1.16 (Dirichlet’s Test). Suppose the following
(1) {br}32, is monotonic,
(2) limg_00 b =0
3) D pojan(x)] <M VeeAneN.

Then Y32, brag(z) converges uniformly on A.
Proof. Let € > 0, we find N € N such that for n > m > N, we have

— Z bkak (3?)
k=1

<eE.
00, A

Notice

Z bray(x) — Z brax ()
k=1

n—1

[ZSk( (bg — brr1) + Sn(x ]
k=1

= Z Sk()(bk = brg1) + S ()b — S (%) b

Z Sk bk — bk+1) + Sm(a:)bm]

< Z |Sk(2)[1bx = Orra| + |Sn (@) [bn] + [Sm (2)]brm]

Since > "p_; ap(x)| < M, and assume w.l.o.g. {b;} is increasing,

n—1
< Mlbgyr = bi| + M([b + [b])

k=m
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n—1

=M (bpy1 — bi) + M(|ba| + [bm])

k=m
- M(bn - bm) + M(’bn‘ + ‘bm’)
< 2M(|bn| + [bim])-
We want this < e, so pick N € N such that for m > N, we have

€
b —.
bl < 737
O
Lemma 1.17. If x € Z, then
(i)
nz:lsin(%rk::c) _ sin(nmz ).sin((n — 1)mx)
sin(mx)
k=0
(i)
n—1 .
sin(nmzx) cos( (n — 1)mx
Zcos(%rkx): (nm ) ( Jr2)
Pt sin(rz )
Proposition 1.18. > 7, Sin(%:kx) converges pointwise on R and uniformly on A C R

with d(A,Z) = inf{|lz —n|:x € A,n € Z} > 0, i.e. away from integers.
Proof. Let by, = 7, ax(z) = sin(2rkz), then

> ax(x)
k=0

for some C' = C(A) > 0. By Dirichlet’s test,

_ |sin((n + 1)mx)|| sin(nmx)| - 1
- C

| sin(7x)|

oo

Z sin(2mkx)
k
k=1
converges uniformly on A. Note that
oo . 2 kj
Zsm(;m)—OwhenmeZ.
k=1

This is what typically happens to the Fourier series when we have jumps as in 1.14.

Non-uniform convergence: Let F, F,, : R — R such that

o0 n

Py =Y TETD) - p (g = 3 TR
k=1 k=1

We claim that F,, /# F uniformly on [0, a] for any a > 0. It can be proved as follows. Let

Ty = %, then

" sin (%)
Fn(zn) = Z L
k=1
By the mean value theorem,
" V2 [Tk 1
Fale) 2255\ 1) &
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If F,, — F uniformly on [0, a|, then F' is continuous on [0, a]. Since F'(0) = 0, fix n where

|F(zy)| < ‘/;6“7 then

|F(x) — Fo(wn)| < sup |F(z) — Fo(z)] < 16 :
z€[0,a]
Then we have the contradiction that

[Fn(wn)| < [Fn(wn) = F(zn)] + |F(zn)]
V2m

< —.
8

Recall that
Z f ka:c
k=—n
and
sin(m(2n + 1)t)
sin(mt)

1
(@) = Suf(a)] = /0 (fz+1) - f(z)) dt

Fix z and let G,(t) = Het)=f@)  Notice that the function sin(7(2n 4+ 1)t ) has period

sin 7t

2n3+1 as shown in the figure below. As n grows larger, we have more periods in the interval
[0,1].
+1 [
1 5 !
) L= 1= @t L~ Gt
FIGURE 3. sin(7(2n + 1)t)
The rough idea is to let ¢ = %, we can write

n—1
2k 2k +1 2n
01 = (H [2n+1’2n+1>> N [Qn—i-l’l}

n—1
= (U [tk tk—i-l)) U [tn, 1].

k=0
If we try to approximate by taking G, (t) = G.(tx) on [tg,tx+1], and G,(t) = G.(t,) on
[tn, 1], then

-1 tk+1 1
|f(z) — Z / (t)sin(7(2n + 1)t)dt‘ + G (t) sin(m(2n + 1)t)dt’
k tn
n—1 thi1 1
~ Z |G (tr)] / sin(m(2n + 1)t)dt‘ + |Gy(tn)] / sin(7(2n + 1)t)dt‘
k=0 b tn

~0

by the fundamental theorem of calculus.

Remark 1.19. We can also use this approach to prove the Riemann-Lebesgue lemma.
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Another sketch of proof of the Riemann-Lebesgue Lemma.

1
— / f(t)e_antdt,
0
1

t) sin(27mt)dt‘ +

t) cos(27mt)dt'

Notice that

k41

" f(t) sin(2mnt)dt

n—1

/Olf(t) Sin(27rnt)dt‘ <> A

k=0 1" n
n—1
~ 1)
k=0

Similarly treatment of the cos(2mnt) term proves the lemma. O

n

k+1

ﬂn sin(2mnt)dt| ~

Theorem 1.20 (Dini’s Criterion). Let f € Lper([ ,1]) be defined at x € [0,1]. Suppose
36 > 0 such that

/6 flot )= 1w dt < 0o
-5 t 9
then
Jim S, f(z) = f(2).
Proof. Notice
! sin( w(2n
Suf (@) = f@) = | [ ($+0) = (@) ( (fmj DY) gy
(/ / ) fla+t) = flo ))Sm(ﬂsﬁ”ﬁj D) g
A
1-5 sin( m(2n + 1)t )
! /5 (f(fC - f(:c)) sin 7t dt
B

where

A:(/ /) )sin(7(2n + 1)t )dt
() [ ) e

X[5,1 })(QTL-F 1)

(*X[o 5)(2n+1) + ( 9

G, G,
—(2*2&([0,5])(—2” —1)— (7”([6,1])(‘271 —1)

which — 0 as n — oo by the Riemann-Lebesgue lemma. The L' requirement of the can
be checked through the following.

flz+1) - f(z)

LGt 1[0
/0 2 X[O"”(t)‘dt_z/o sin it dt
1/‘5 fa+rt) = f@)||_t |,
2/ t sin 7t
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1 6 "l flx+t) = f(a)
= 28111(775)/0 t

1
Gw(.t)xw,u (t)|dt = /5
flz+1) — f(z)

1
/0 2
0
B /_5 sin 7t
Similarly, B — 0 by the Riemann-Lebesgue lemma, since

VLR B 151 S S TP
/ i< s [ 1 = fa

sin 7wt

- ”f”Ll([F),l}) + [ f ()] “
sin(mod)

dt < oo,

and
fl@+1) - f(z)

sin 7t

dt

dt < oo.

Example 1.21. Examples of functions satisfying Dini condition:
(1) Holder continuity near x: For some «a € (0, 1], there exists § > 0 such that
|f(x+1t)— f(z)] < C|t|*, for |t| <.
(2) f is right and left differentiable at x.
(3) Let
1 ifteQ\Z
fiy=40 TrER
0 ifte(R\Q)UZ,
ie. f(0)=0, f(t) =0 a.e.
Remark 1.22. Dini condition 7 continuity, and continuity # Dini condition.

Example 1.23. We can construct a periodic continuous function using
0 ift =0,
Then,

——dt =

fE+0)—fO 1
t ‘dt__/o tIn(t)

0
J
Definition 1.24. Define

Cper(R) = {f : R — C continuous, 1-periodic, || f||lc,.. < oo}

with the norm

- 1.
1 flcper () e |f(®)]

Remark 1.25. Fix X = {z;}72, C [0,1]. Let

D ={f € Cpex(R) : {Sp f(t)} >, diverges for every t € X }.

We claim that D is dense in Cper([0,1]). To prove the claim, we need Baire Category
Theorem.

Theorem 1.26 (Baire Category Theorem). If M is a complete metric space, then the
countable intersection of open dense subsets is dense.

Definition 1.27. Recall: If M, N are normed vector spaces and T : M — N, then the
operator norm of 1" is

[Tllop = sup [T (x)]|n-

lll[ar=1
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Lemma 1.28. Let M be a Banach space. Let {T;}2, : M — N be a countable family of
bounded linear maps with

sup || 75| op = +oo.
i€N
Then,
R= {$ € M :sup ||T;(x)||n = +oo}
i€EN

1s the countable intersection of open, dense subsets of M.

Proof. Clearly,

R= ﬂ {x € M : sup ||T;(x)||n > m} = ﬂ R,
ieN o

m=1
Claim: Each R,, is open and dense in M.
Openness: Homework.

Density: Let z € R;,, so

sup [|Ty(2)|[x < m.
i€N

Let € > 0. Since sup;cy || Zillop = 00, pick ¢ such that
4m
[Tillop = sup || Ti(2)[|x > —.
lellar=1 €
Pick 2’ € M with [|2/[|p; = 1 such that ||T} (2/)||y > 2. Let

€

r =x+ 23:
Then,
" _ _ E !
o =&l = o = (+ 5)],
= ~lla’llas
—S<e
=5 .
Notice
€
o = (5) -,
€
> ST (2)lw = [|Twr ()|l
€ (4m
—(— ) —-—m=m
2\ ¢
Hence 2" € R,,, R,, is dense. O

Proposition 1.29. Fiz x € [0,1]. Let T;, ; : Cper(R) — C be defined as

Tn,xf = Snf(l')
Then, for Vz € [0,1],

sup || T e[| op = 0.
neN
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Proof. Step 1: Notice that

/1 sin(7(2n + 1)t ) . /1 sin(7(2n + 1)t) ”
0 Sin(ﬂ't) - 0 Tt
Change variable u = (2n + 1)t, then
2n+1 | o3 n k41 .
_ / sin(mu) du > Z/ sin(mu) du
0 U k U

k=0

1 n k+1

— Z / | sin(mu)|du
k=0

35

i
k=0

:]

which diverges as n — oo.

Step 2: Assume there exists {f;}72; C Cper(R) with || fj][c,., ®) = 1, such that

sin(7(2n + 1)t)
sin(7rt)

st -0

pointwise for ¢ # ﬁ, k=1,...,2n. Then,
[Tn,zllop > lim [T}, 4 5]
j—}OO

_ lim/ file sm (2n+1)t)dt

j—00 sin(mt)
- /1 sin(7(2n + 1)t ) "
) sin(7t)
n
> 2>
T +
So
sup || T ¢ ||op = 00.
neN
Step 3: We now prove the assumption used in step 2.
Let
~ sin(r(2n + 1)t)
f3(t) = sen < sin(mt)

sin(m(2n 4 1)t)
sin(mt)

‘ € {£1}

~(sin(m(2n+1)t)
B sin(mt)
for t € I; where

2n—1
1 1 1 ko k+1 1
IL=|0,— — = | U -y -
J [’2114—1 j> (U[j+2n—|—1’2n+1 ]>)

k=1

are the intervals avoiding points ¢ = %ﬂ, and interpolate between them to define fj as

piecewise linear, i.e. for t ¢ I;,

~ ~ k 1 1 k
fj(t) = line segment connecting f; ( — j) and fj ( -+ —

2n+1 2n+1

)

15
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So fort#ﬁ,...,%,
N sin(m(2n + 1)t)
Jlggo J3(t) = sen < sin(7t) ) '
Then set _
fi(t) = fi(x —1).
So _
filw=t)=fi(z = (x—1))
= Ji(®)-
Thus ( )
. sin( w(2n + 1)t
glgrolo filw=1) sin(7t)
_ sin(m(2n+ 1)t) \ sin(7(2n + 1)t)
- e sin(7rt) sin(7rt)
B sin(7(2n + 1)t )
N sin(7rt)
for t %y g2

We now proceed to prove our previous claim.
Theorem 1.30. Fiz X = {x;}32, C[0,1]. Let

D ={f € Cper(R) : {Snf(t)}ney diverges for everyt € X}.
Then D is dense in Cper([0, 1]).

Proof. Note that
sin(m(2n 4 1)t)

dt
sin(7rt)

1
\&J@Héélﬂw+m

Sl per () (212 4 1).
Hence,
1T zllop < 2n + 1.

Since for all z € [0,1], sup,en | Tnz|lop = o0,
R, = {f € Cper(R) : sug |Thf| = oo}
ne

is the countable intersection of open dense subsets of Cper(R). Finally, write

o

ij - ﬂ (ij)ma

m=1

as an countable intersection of open dense subsets of Cper(R). Then,

n Ra:j = m ﬂ (Racj)m

j=1m=1

is dense in Cper(R) by the Baire category theorem.

To prove Jordan’s Theorem, we introduce the following key tool:
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Lemma 1.31 (Bonnet’s Mean Value Theorem). Let f € C([a,b]) and g > 0 be increasing
on [a,b]. Then there exists ¢ € (a,b) such that

b b
[ @@ de = gt) [ (o)
Theorem 1.32 (Jordan’s Theorem). Let z € [0,1] and assume f € L1,.(0,1) is monotone

near x. Then -
i 8 p(a = HE)  Fo)

n—o00 2 ’

where
fet) = lm f(1), fle-) = Tm f0)
Proof. Note that
sin(m(2n + 1)t)
sin(mt)

Suf(a)= [ fla—1)

1
3
Let u = —t, du = —dt,

sin(7(2n + 1)u)

sin(mu)

du.

Suf@) = [ fla+u)

1
2

Suf(z) = / U@t + fe— 1)

dt.
2/ sin(mt)
Since the integrand is even,
1
3 sin(7(2n + 1)t)
= t —1 dt.
[ 0+ a0 I
Then it’s enough to prove:
() 1
. 2 sin(7(2n + 1)t ) f(z+)
1 t dt =
b0 0 f+t) sin(7rt) 2 7
(B)

. 3 B sin(m(2n+1)t)  f(z—)
hm/O flz—1) dt = .

n—00 Sin(ﬂ't) 2
(A): Let g(t) = f(x +t). So need to show

1

2 i 2 1)t
lim th)sm(ﬂ_( ntl) )dt:
n—oo [ sin(mt) 2

Recall that

3 sin(7(2n + 1)t) 1 Usin(7(2n + 1)t) 1
/0 sin(7t) -2 /0 sin(7t) dt = 2

So

1
0 2 sin( w(2n + 1)t
9(0+) :/ 9(0+) (m )
0 sin(7rt)
Hence, it suffices to show that

1

i [ (9(t) — 9(04)) sin(Tr‘(Qn + 1)t)
n—oo [ sin(mt)

(%)

dt = 0.
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Let € > 0, pick § > 0 such that g increasing on [0, ], and |g(t) — g(0+)| < eif 0 <t < §.

We can write (x) as
1 5 1
2 2
0 0 s

3t = 0 t=0,
T =N g(6) = g04) te (0,6].
S

By Bonnet’s Mean Value Theorem, there exists ¢ = ¢(n, 9)

/:fj sin(7(2n + Dt)dt‘

sin(mt)
< [g(d)]

First integral: Let

(0,0) such that

(t)

/5 sin(7(2n + 1)t)dt

sin(7t)

<e€

sin(7rt)

6 .
sin( m(2n + 1)t
[t )|
(&
If we take the supremum over all ¢ and ¢, the integral is still bounded, so there exists a

constant C' such that
o s o2n + 1)t
/ 3() in(m(2n+1) )dt
0

sin(7rt) <Ce

Second integral:

1
/O (9(t) — 9(0+) )X

by the Riemann-Lebesgue lemma (similar to proof of Dini’s Criterion).

sin(7(2n + 1)t)

- dt -0 asn— oo
sin(7rt)

B): Similar to (A), homework. O
(B) (A),

Definition 1.33. Let f : (a,b) — C, = € (a,b). Define

. — f(z+)
Jlat) et s—x
fom) — 1im TO =T,
S—x ™ S—X
Theorem 1.34 (Dirichlet’s Theorem). Let f:[0,1] = C, f € L},,(0,1]), and z € [0,1].
Suppose f'(x+) and f'(x—) exist. Then
n—00 2
Proof. Homework! a
Example 1.35. Construct a 1-periodic function from
1—-2z on (0,1),
f(x)_{o ifz—=01.
Then clearly, f(0+) = —1 = f(0—) and
FOH +F00)
5 :
Hence the Fourier series % ey M converges to 0 when z = 0 by Jordan’s theorem

(which doesn’t really tell us much since sin 0 = 0).
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Example 1.36. Construct a 1-periodic function from
f(z) =z(1—x).
Then f'(04+) =1, f(0—)=—1, and

f(0+) + f(0-)

=0.
2

Hence, its Fourier series
1 1 cos(2kma)
6 R B
converges to 0 when x = 0, yielding a surprising result:

D=
k=1

1.3. Summability methods. General philosophy: average!

Example 1.37. If lim,, o x, = x, then

| V-1
iy 2 =
n=0
Proof. We have
| V-1 | V-1
‘(Nzx"> o=y L lemoe
n=0 n=0
| V-1
< N ‘wn - $|
n=0
Let € > 0, pick M such that for n > M,
€
|zy, — x| < 7
Then, for some constant C,
| V=t | M | Nl
—Z]wn—xlz—zmn—x\—i—f |zy, — @
N n=0 N n=0 N n=M-+1
CM+1) 1 Nz‘l e
- N N 2
n=M+1
7C(M+1)+i = )
N 2
n=M+1
CM+1) e .
- N 2

forN>max{M+1,ﬁ}.

Remark 1.38. The converse is false. A counterexample could be x, = (—1)"*1, then
= —1 if N is even,
§ Ipn = . .
0 if NV is odd.
n=0

Then, limpy_ oo % Yoo o @n = 0, while lim,,_, 2, does not exist.
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Definition 1.39. Define

1 pi e sin(m(2n + 1)t)
- N nZ_O [/0 fla—=1) sin(7rt) dt

1 1 = sin(m(2n + 1)t )
= —t) | = dt
/0 J=1) [N Z sin(7rt)
n=0
1
_ / o — 1) Ex (1)L,
0
where the Fejér kernel is
1 = sin(7(2n + 1)t )
Fn(t) N .
o sin(7rt)
Remark 1.40. Notice that
N-1 N—-1 ‘
Z sin(7(2n+1)t) =Im Z im @A)t
n=0 n=0

=TIm

N—-1
ei7rt Z (eQﬂit)n]
n=0
) 1— 627riNt
_ t
“lem ()|

—miNt TilNt
— Im e*ﬂ'iNt € — €
e—iﬂ't _ eiﬂ't

_ sin(7Nt) sin(7Nt)
B sin(7t) '

So,

mo = () =°

F,(t) has the following key properties:

(1)
1 1
/0 Fx(t)]dt = /0 Fy(t)d
1 N-1 .1
== T;/O D, (t)dt = 1.

In contrast, fol |Dy(t)|dt > C Z]kvzl 1. Then, we can compute

1
(@) — on(f)(@)] = /0 (F(@) — f(z— 1)) F(t)dt

1
< /0 F(x) — F(z — )| Fx (t)dt.
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(2) Let 6 > 0, then

I

— 0 as N — oo.

P —
~ Nsin?(r)

Theorem 1.41. Let {Fn}nen € LY([0,1]) be a sequence of functions such that Fy > 0,
VN € N and satisfy

D) i Pn(t)dt =1,
1-6
(ii) For all 6§ >0, lim Fn(t)dt = 0.

N—oo [s

Then,
(A) Forallp e (1,00), f € LP([0,1]), we have
Tim (f % F)(@) = f() in L(0.1)).

(B) If f € Cyur((0,1)). then
A}gn f*Fn=f uniformly on [0,1].

Proof. (A): Extend f periodically on R, notice that

1
- /0 F(2) ()t
Then,
1
[(f * Fn)(z) — f(z)] = ( (x —t) = f(z) ) Fn(t)dt
/ [Fa— 1)~ ()| Ex(t)ds
By Holder’s inequality, for = ; =1,
[ 10~ s a = /!ffc—t — F@I(E(0)? (Ex(t))7 de
e ¥
</ |f(x—t) = f(z)PFN(t )dt> (/0 FN(t)dt)
(/ f(z—t) — ]pFN()dt>p.
Thus,

/01 |(f * Fn)(z) — f(z)|Pdx </ </ |f(z—1) z)|PFy(t )dt) de.

By Fubini’s theorem,
1 1
= [ ([ mxolsa -0 spas) ar
0 0

Let € > 0. Pick § > 0 such that \t\ < § yields
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We can decompose fol (fol |f(z—1t) — f(ac)\pFN(t)dt> dr as

</615 ' (/6 ’ /Q) (f i =0 - @ Pz ) Fy (o).

Call these terms I and II.

([ L) ([ e 0 sora)
=([+ ) ([ a0 swpa) muaya

1
<€/ FN(t)dt
0

= 2e.

Notice that for % + % =1,

o — b < (|a! +b])?
1
((la!pﬂb!p) (17 + 7))
=27/ (|a]” + [b]").
Hence we have, by setting a = f(z — t)and b = f(x), for I:

p 1-6 1
1<o¥ /5 /0 (If (= O + | f(@)[P) dz Fx(t)dt.

1-6
241
PN oy [ Pt =0

which — 0 as N — oco. Hence,

1
limsup/o |(f * Fn)(x) — f(z)[Pdx < e.

N—oo

Since € is arbitrary, we conclude that

1
lim / I(F * Fx)(@) — f()[Pdz = 0.

N—oo 0

(B): Homework! Hint: Use

% Enla) — f(2)] </ e — 1) — f(a) [ En(t)dt

Corollary 1.42 (Fejér’s Theorem). We have the following:
(A) If f € LP(]0,1]), 1 < p < oo, then
lim onf=f in LP([0,1]).
N—o00

(B) If f € Cper([0,1]), then
A}gn onf=f wuniformly on [0,1].

onso) = | 1) [}V (“ﬁ?)] it
= (fx Fn)(x),

and Fy satisfies (i) and (ii) of the previous theorem.

Proof. Notice
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Fejér’s Theorem has the following deep consequence:

Theorem 1.43. {ep}, ., = {62“ik‘”}kez is an orthonormal basis of L*([0,1]).

Proof. Since

1
2 : e
<€m; €n>L2([0,1}) :/ e~ TUMT 2N
0

1
_ / eQm‘(m—n)m dr
0
_J1 iftm=mn,
|0 ifm#£n.
So {ex }xez is orthonormal in L2([0, 1]). Recall from functional analysis that {ej}rez is an
orthonormal basis if and only if S = span{ek}kez is dense. For f € C([0,1]),

onf(x ZS e

N— n
Z (Z fk)e%rikx)
k=—n
= S’

and oy f — f in L2([0,1]). So S is dense in L2([0, 1]). 0

Corollary 1.44. We then have the following
(1) If f € L2([0, 1)), then

— i f(k)e%rikx

k=—o00
in L2(]0,1]).
(2)
117201 Z |f(x
k=—o00
and the map X
f = {f (k) ez

is an isometric isomorphism from L?([0,1]) to (*(Z).

Proof. (1): Notice that

f@)= Y (frer)er(x)
k=—o00
— Z f(k) 2mikx
k=—o00
in L%([0,1)).
(2): Use the fact that (f, ex)r2(0,1)) = f(k) O

Remark 1.45. Let {Fx}yen € L'(R?) be a sequence of functions such that Fy > 0,
VN € N and satisfy

) Jga Fn(2)de =1,
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(ii) For all § > 0, lim Fn(z)dz = 0.

N=00 J|z|>6
then
(A) f*Fy — fin LP(RY), 1 < p < oc.
(B) If f € C(R?) is bounded, S C R¢ compact, then f * Fiy — f uniformly in S.

1.4. L? convergence of Fourier Series.
Proposition 1.46. Sy : L..([0,1]) = Lbe-([0,1]) satisfies
1SN llop < 2N + 1.

Proof. Notice that
1
Swf@] < [ 15~ oliDy(o)]de
0

where [Dy (t)| = |Sh _y €27k

, SO

1
Sn (@) < (2N +1) /0 e — b)) dt

< (2N +1) (/1 |f(m—t)|pdt>é

< 2N + DI f 2z, 0.1y
O

Theorem 1.47 (Uniform Boundedness Principle). Let X be a Banach space, Y be a
normed vector space, and {Tn} C B(X,Y). If

sup |Tn(z)|ly < oo  for each z € X,

N

then
sup ||Tn || op < 0.
N

Lemma 1.48. Let 1 < p < oo, the following are equivalent:

(1) Hmy—oo (1SN f = fllzr, (0.1 = O for any f € Lper([0,1]).

(2) supy 1S lop = Cp < 00,
Proof. (1) = (2) : We have X =Y = L5,([0,1]), Sy € B(L5e([0,1])). For f €
LPer([0,1]), pick M = M(f) such that N > M implies

1SS = fllzze o < 1-
Then, for 1 < N < M,
1SN fllzz 0,1y < @N + DI fll 2z, 0,1))

< 2M + D[ f 1z, o1
For N Z M7
185 Fegecto.y < 18NS = Sl igciioy + I cgeiou

< T+ £l o)
Thus,

S0P 150 L5 t0) < M { 2N + DIl ligaoays 1+ 17, o f < 00
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Thus, by the Uniform Boundedness Principle,

sup ||Sn ||op < o0.
N

(2) = (1) : By Fejér’s theorem, S = span {ezmk“”}kezis dense in Lbe([0,1]). Let € > 0,
pick g € S such that
1f = gllze..o.1)) <&

If
n .
g(x) — Z Cl€27ml$,
l=—n
we have
N .
Sngle) = 3 Gkt
k=—N
where . .
/g\(k) _ Z Cl/ 627Ti(l7k)z dx
l=—n 0
e if =n<k<n,
o if |k > n.

Thus, for N > n,

n

Sng(x) = Z ek = ().

[—
Then
1SN f = fllze..qoay < ISN(f = DLz o) + 1589 = fllzz.. o1
< ISnllopllg = fllze.. o) + 119 = Fllzz.o.1))
< (Cp+1)e.
Therefore, limy o0 | SN f = fllzz., (0,17) = 0 0

1.5. Fourier Transform. Here we start by giving a non-rigorous intuition of the Fourier
transform as a limit of Fourier series. Clearly,

/If(w)le:cz lim /l |f(2))? da.
R l—00 -1
f

mika

e L

Check that (homework!) i

er(z) =

then {ex} is an orthonormal basis for L?([—1,1]). Thus,

)

S

! ) o0 1 ! ke
/_llf(fr) =3 @/_lf(x)e £ g

Ck:<f7€k>L2([_L’L])

Informally, assume [ is infinity gives
2
dx.

/ f(l,)e—%ri%a:d:n
R

1 o0
%
k=—00
Let -
7le) = /_ J(@)e e da,
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and "
1
ék—ﬁa Af—fk_gk—l—j‘
Then,
1 & & 2 e ~ 2
5 2 | [ @i a= Y |Fe)| ae
2l k=—00 R k=—0c0

which is a Riemann sum that converges to [ \f(g)de as | — oo. Hence, intuitively,
we expect the Fourier transform to be an isometry on L2

For the Fourier inversion: For f € L?(R), let z € R, I > |z|, define

file) = f@)xy (@) = f(z) € LA([-1,1)).

Then .
s e T
fi(z) = kz_:oo% €k) L2 (L) NG

= D @)t

k=—o00

which converges to [ FOe¥Erdg as | — oco.

Notice that by writing £ = —x,

Lemma 1.49. If f(x) = e*”|ﬂ”|2, then f(€) = e lElR

Proof. In R",

n
—nx2 —9mifirs
_/ He TS o 2mig;x d%ld.’ﬂn
n o,
J=1

92 o 2 o
— </ e wxle 2mi1x1 dl‘l) . (/ e wwne 27ilnTn dﬂ?n> )
R R

Assume the lemma holds for n = 1, then,
F&) = e ™. e
— e

We now prove the case forn = 1, let f(z) = e*”ZQ, by complex analysis, using the following

contour T,
0= / f(z)dz.
r
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—R+ix 1T R+

Fi1GURE 4. Contour I

Taking R — oo, we have

R
lim e_"(t+ix)2 dt =1

R—o0 —R
wx? 1 R —7t?  —2mixt
=e lim e e dt
R—o0 —-R
=™ f(a).
Therefore, we proved the case where n = 1, i.e. f(f) = e 7€, O

Remark 1.50. If fy(z) = f (%), then

o= [ 5(Z)era

By substitution,

~

f,\(ﬁ) — \" f(x)e—%rz‘()\g)m dr
Rn

~

= A"f(AE).
Thus, if g (x) = 67§|z|2, then
() = AEa (VA
— Ao AR,
Remark 1.51. Assume F(z) > 0 such that [, F'(x)dz = 1. For A > 0, let
Fy(z) = \" F(\z).
Then, by substitution,
/ Fy(z)dz = 1.
Rn
One can check that (similar to the proof of Fejér’s theorem)
feF——f PR,
where

[ F\(z) = - flz —y) Fa(y) dy.

Theorem 1.52 (Parseval’s theorem and Fourier Inversion). Our immediate goals are, for
f e LY(R)NL3(R),

(D) [ fll2w) = ”]?HLQ(R)
(2) f(x) = [%, F(€)e*miede, F~L(f(2)) a.e.
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Proof. (1): By Monotone Convergence Theorem,

Since ) L
F)|" = F) flu),
we have
F)Pe T du= | fla)fly)e T e 20 do dy du
R™ RS

R2TL
= [ s (5 [ et ay)ao
- [ ST F

As j — oo, we obtain

lim [ | f(w)2e T du = / |f ()| da.

j—o0 Jrn n
(2): Let
gix)=e 7"
then
() = 2
Therefore,

(o —y) = /2
=F(x—y).
Since f* F 5 — fin L*(R"), as j — oo, pick a subsequence {jj} that converges a.e. So
for a.e. x € R"™,

fl@)=lim | f(y)F 5 —y)dy.

k—o0 Rn

Notice that

/n FW)F oz —y) dy = /n f(y) </Rn gj, (w)e* ™ ry) dU> dy

= / i () (/ f(y)€27ri(7u)y dy) e2mizu g,
R™ R

- / g5 () F ()2 v du
Rn

= ‘F(g]kf)(_x)

Finally, by dominated convergence theorem,

gjkf — f in LQ(R”),

because o R R
95, — 12 < (lgsF1 + 171
< (2If)? = 4IfP
Therefore,
tim [ |Flg Pa) - FF) )| do = im [ |F [ F)@) ~ f@)][ e
— 00 Rn — 00 Rn
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Since F : L?(R™) — L%(R") is isometric,

= lim Rn‘gjkf(a:)—f(x) dxr = 0.

k—o0

1.6. Fourier Transform on 2.

Lemma 1.53. Let T : X — Y, where Y is a Banach space. Suppose T|y — Y is
isometric, where U C X 1is a dense subspace. Then T uniquely extends to an isometry
T: X =Y.

Proof. Let x € X and {zx} C U with z; — x. Then,
[ Tzr = Ty = |T(xr — zm)lly

= ek — zmllx
Hence, {Tx}} is Cauchy. Let

Tz = lim Txy.
k—o0
To complete the proof, one checks the following claims
(1) Tz is independent of {1} converging to x.
(2) T: X — Y is a linear isometry.
(3) Te=TzifzeU.
(4)

4) T is the unique linear isometry satisfying (3).

Definition 1.54. For Fourier transform in L?, we have X = Y = L?(R"), T = F,
U=L'NL% If f € L*(R") define its Fourier transform as

f=lm Ji
for any {f.} C L' N L? where fy — f in L?(R").
Also define the inverse Fourier transform
f(z) = f(~a).
Proposition 1.55. Note that
(D) 1Fllz2ny = 1l 2@y = 1122

~

(2) f=FLf) ae

Proof. (2): Notice that as k — oo,
fe= ()" = (H)

and

fk - fa
so f=(f)V ae. 0

Remark 1.56. Conclusion: F : L?(R") — L%(R") is unitary.
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Example 1.57. Let f € C§°(R), then

F(f)(€) = lim / f(z)e™ 22 dy

R—o0

R—o0

— lim [‘2’”51’]‘( )‘_ (2mi€) / Fl(@)e 2y

= 2mig f(£).
Similarly, if f € C§°(R"), a € NZ,

F(0°f) (&) = (2mi)lele f(g).

Example 1.58. The Fourier transform of the laplacian is

F(ANE© = W = —dr” Z@ = 4 |¢[* ().
j=1 "3
Proposition 1.59. uw*v = u70.
Proof. Homework! O

Example 1.60. To solve —Au + u = f, we start by taking the Fourier transform
ar?|x*a(€) + () = f(¢).

Then, one can solve that
1

ﬂ(f) = @ <1+ 47T2|§‘2

)
P (4; <1+42|5|2>>

Set the Bessel potential B = F~! (1> Then B =

L

One can check that this equals

_plz—yl® y\
() = n/2/ /n BTy (y) dy dt.

1.7. Fourier Transform on LP, 1 < p < 2. Notice that for f € LP([0,1]), 1 < p <
00

x)6727ri£mdx

Ol =

0
1
< /O | (@)lda

< fllzeo,1)-

In order to define Fourier transform f(x) for f € LP(R™), 1 < p,q < oo, we need the
following

(1) Prove || fllan) < Cpgll fllo(en), for f € L1 L.
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(2) Define f = limy,_,o0 fn, Where f, € L'\ LP, f, — f in LP, so f € LA.

Remark 1.61. Important: If (1) is true, then ¢ = p' = 1%' Why? Scaling argument!

Proof. Recall: If fy\(x) = f (%) then
A= [ f(5)e e
f(x)e—%ri()\{)-xdx
Rn ~
= A" f(A9),
SO

FO& = A" [(©).
Therefore, assuming (1) is true, f € L' N LP,

. 1/q R 1/q
[/ IfA(S)quf] =[/ M"f(Af)lqdf]
Rn R7l
1/q
— \/4 - (¢)|a
A [/RA A©) d»s}

TN
< Cp q)‘nG_1> HfAHLP

S/ A7
e

= Cp, q)\

F

x)|P d:c} !

Let —1 + S = p/, we conclude that for any f € L' N LP,

~ 11
17 < Coad” Gl
Assume ¢ < p/, let A — 0T, then Hﬂ|Lq < 0, which implies fE 0 a.e. forall f e L'nLP.
Similarly, if ¢ > p/, let A — oo, we have f =0 a.e. So ¢ # p’ implies f =0 a.e. Absurd!
(example: f(z) = e ™" = f(x)).
Therefore, if (1) is true then ¢ = p/. O
Remark 1.62. (1) is false if p > 2.

Proposition 1.63. If p is between pg and py, with pg # p1, and f € LP° N LP1  then
felLpr.

Proof. Without loss of generality, assume py < p < p1 < o0, let

1 1
0=1—71 €(0,1).
Po pP1
So
11200
p Do p1
L, _(=0p
Po p1
Then
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(1-0)p op

<\ [ wwma] | [ irwpa ™

Thus,
1 1-0 0
s < | [ a1 ™
So
£ 1lze < 1 F 1o 11F11 %01
The case where p; = o is left as homework. a

Definition 1.64. Let
F = {f : f simple, has finite measure support} C ﬂ LP(R™).
p>0
Let M be the set of measurable functions on R"™.

Theorem 1.65 (Riesz-Thorin Interpolation). Let 0 < po,p1 < o0, 1 < qo,q1 < 00. Fix
0<6<1, and let

1 1-60 0 1 1-60 6
+

pe P P @ @ @
Let T : F — M be a linear operator such that (Tf)-g € L for f,g € F, and satisfies

1T fllzeo < Aol fllzeo, (T fllzer < Aul[fllLes, V€ F.

Then for all such f,
1T fllzoe < Ay~ AT f | vo-

Proof. Surprisingly, the proof follows from the Maximum Modulus Principle. See A. O

Theorem 1.66 (Hausdorff-Young Inequality). If 1 < p < 2 then F uniquely extends from
LN LP to LP with

||ﬂ|Lp/(Rn) < HfHLP(Rn).

1., 1 _
where 5 + > 1.

Proof. Key tool: interpolation! Let g = po =2, p1 =1, ¢1 = oo. Let T'= F. Then, for
feF, feL'nL? we have

[fllzoo = Fll2 = [[flle2 = [lfllzro,

and

[ fllza = [|fllL=

f(x)ef%m'f-x dx
R

< [ 1#@)do
]Rn
= || fllzs
= [|fllLer-
Thus, by Riesz-Thorin Interpolation, for 0 < 6 < 1 fixed,

[fllzoe < {fllzre,

oo

where
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Setting pg = p, we can solve for 6:

So q¢ = p’, hence
1Al < [ fllze, for f e F.

The rest follows from a density argument, and is left as homework. O
1.8. Schwartz Space. A vector a = (a,...,a,) € Njj is called a multi-index of order
o] = a1 + -+ 4+ a,. We denote
Hlel
D% = a1 . Qn )
a.%l D 8l‘n"
and similarly for ¢ = z{?25? - - 2%, o < f means «; < f;, i € {1,...,n}. Define for

o>,

(3) =

Note that |o| = k£ + 1 implies D = D‘”’ai where |o/| =k, o= +¢j.

T
Theorem 1.67 (Leibniz rule).
(0% « o—
D(fg)= ( 5) D’ fD* Py
BLa
Definition 1.68. The Schwartz space is defined as

s = { £ e C¥@Y: sup 16D 0)] < o Va5 € N |
zeR™

Also define the operator

sup ]wO‘D/Bf(m)! = pa,s(f)-
rER?

Remark 1.69. Note that for Vf € S(R"), V5 € N, Vk € N, we have

Jim_laf* (D" P)(@)] = 0.

Example 1.70. Here is a few exmaple about Schwartz space:
e—|x\2 _ e—(z‘%-‘rm-ﬁ-xi) e S(Rn),
Co (R™) € S(R™),
e’ sin(egﬂ) Z S(R™).

Definition 1.71. For the metrix on S(R"), let {(oz(k:),ﬁ(k:))}zozl C N§ x Nj be the
enumeration of pairs of multi-indices. Define

— ok Pak),s)(f —9)
d(f,g) = o~k '
o) kzo L+ pak),sk) (f — 9)

Proposition 1.72. If f,, — f in (S(R”),d) if and only if

Pa,g(f — fm) =0 for any o, 5 € Ny.
Remark 1.73. If f € S(R"), then z®f(z) € S(R™) for any multi-index «a.
Lemma 1.74. Let f € S(R"), then

(a) (D) (€) = (2mig) I (&)
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(b) Df(&) = (—2mi)olF [(x)* £ ()] (€)
The same is true for F~1, but with no negative sign in (b).
Proof. (a); Base case |a] = 0: nothing to prove. Assume true for |o| = k, for any
fe€SMR") and o € Nj. Let |a| =k + 1, write D* = Da/%, where [o/| =k, a = d +e;.
Then,

Df)€) = F <D8i]f> (©)

— (2mi) Il 7 ( a?cjf)(ﬁ)-

Since F (%) (&) = 27rz'§j]/”\(ac), we have
(D)) = (2mi) (1 Vee; fie)
= (2mi)"le f(£).
Now we prove F (é%) &) = 27ri§jf(x), as follows, notice by definition
ﬁ — ﬁ —2mi&-x
FL)©= [ sEwerme

ﬁ(x) e~ 2mi[ i &) g

= lim —f(xl, R T Ty )e 2T T dxj| dz
R—o0 Jpn-1 =1 R 8x]
1#5
where T = (21,...,2j-1,%j41,...,%n) € R™~1. Then, by integration by parts, the bound-

ary term vanishes, so

n R
d <af) ©=2mig; [ | [[e e o (e | a

a$] Rn—1 =1 —R 6IEJ
I#j

_ L > a —27ri§ja:jd | d
2mi /Rn1 [/_oo f($)£[le l‘j] z

= 27m'§j/ f(z)e 2mEe dy
Rn

=2mi&; f(x).

Proposition 1.75. F : S(R") — S(R") is a bijection.

Proof. (b) implies f € C*°(R™), by (b) and (a),
&(DPF(©) = (2mi) e F @) ()] (&)
= F D (@)1 f@)] (©).
Thus,

LOO

1©*(D? @l = || D*F [(2)% £()]
<D (@) f(@)) 2 < oo.
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Hence, f € S(R™). Similarly, f € S(R") implies f € S(R") and F~! is the inverse of the
Fourier transform on S(R™) C L' N L2.

O
Proposition 1.76. f,, — [ in (S(R”),d) if and only if fm — f in (S(]R”),d).

Proof. Homework! O
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2. THE HILBERT TRANSFORM

2.1. LP Convergence of Fourier Transform and the Hilbert Transform.

o~

Proposition 2.1. Let fr(x) = xp(o,r)(z)f(x), f € L?. Then

lim F! <XB(O,R)?I\%) = f in L2

R—o0

Proof.
|7 (XB(O,R)E) —F Y Pl = HXB(O,R)E — iz

< Ixso.rfr — xBor e + IxBorf — fll2

which — 0 as R — oo by the dominated convergence theorem since

Ixso.mf — Al < 1(Fr— Dllze = e = Fllz

which — 0 as R — oo. O

Remark 2.2. Notice that f € L? (p > 1) implies fg € L! implies f; € L™ implies
XB(0,R) R € Ng=0 LY

Question 2.3. If f € LP(R%), p > 1, then does
lim 7' (xpo,r)fr) = f in LP(R?)?
R—o0

Answer: Yes, if d = 1. No, if d > 1.

Theorem 2.4 (Young’s inequality). If f € LP, g € L', then

1f *gllze <[ fllzrllgllLr-

Proof. Homework! a

Lemma 2.5. If f € L?, g € L', then

Proof. Let f, € L* N L2, f, — f in L2, then f = lim, 0 f,, in L2. Thus

fg = lim f,g in L?
n—oo

lim f, * g
n—oo

—Ffxg in L2
Also,
1Favg =T gllis = Ifaxg — fxgls
=[(fa = f) *gllz2
< |Ifn = fllz2llgll e
which — 0 as n — oo. O

Definition 2.6. Define the partial sum operator

Srg=F ' (xBo.RG), 9€L"
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Then we are interested in whether
lim Sgpf = f.
R—o0

Notice
F ' (xord) =F " (F[F ' (xa0.R)] 9)
= F 1 F (F (xso,m) * 9)]
=F ' (XB.Rr) * 9-
For d =1,
i 2
F ' (xBo,p) (%) = /R it q¢
eQmR:p e*QW’iRZB
- 2mix
= W, which is similar to the Dirichlet kernel
T
So ( ( ) )
e sin( 2rR(x —y
Srg(x) = / dy.
rY(x) N 9(y) o p— y

Remark 2.7. Note that
1Srglly < gl | DRl e
< Crpllglzr

Remark 2.8. Notice that

sm (2R
Iseally = [ | [ oto - ™2 g

(o 1) Smf;w :

T —y\ sin(2mwy
g< - ) (2my) .
R Y

dx

dzx

P
dz.

Let

Then
P

1 .
1Srllys = = |[S19 (%))
T\ |P
S S P 1 p/ ’g ey ’ d-fU
I81llzrozioe | Jo ()

= [[Sillopllgllzr-
Lemma 2.9. limp oo Spf = f for f € LP, 1 < p < 00, if ||S1]op = Cp < 0.

Lp

Proof. Let € > 0. Pick ¢ € S such that
If = ¢llzr <

g
1+C,
Then

limsup ||Sgrfr — fllzr <limsup ||| Srfr — SrO ||Lr + [|SrRY — @||r +|1¢ — fl|Lr
R—oo R—oo S— ———
SrR(fR—9®) —0 as R—oo

€
< limsup |C, — Q|| +
msup | Cylf — dlur + 1
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By the Dominated Convergence Theorem,

eC) €

limsup ||S + =e.
msup||Safn i < 155 + 1o

Remark 2.10. S; does not map L' into L.

Proof. Let
f@) =x1 1y(@),

12712

(Y2 sin(27(x —y))
Sif(@) = /—1/12 m(z —y) i

x+1/12 L )

/ sin(27mu) du
z—1/12 ™

Also notice that [u — (k+ )| < £ if and only if u € (2nk + %, 27k + 2T) which implies

then

1
sin(2mu) > 3

In addition |z — (k+ 1)| < &, and Ju — 2| < & implies
lu— (k+ 3 b < 6
Therefore, we have if z € (k+ %,k + %) and u € (z — 15,2+ §5) , then

sin(27u) > 7
Thus
k+1/3

ul dr

/“‘1/12 sin(27u) d

—1/12 ™

wwmzz/w

=2 [ () 6) Georm)

> 1
P 247k + 2w

= OQ.

Proposition 2.11. Note that
F(f(@)e™ ) (&) = f(€ ~ a),
and if fo(x) = f(a+ x) then R )
fal&) = €T (6)

Proof.
fW)ﬁWWQZ/f@VWw4MWx
R
= [ flz)e T dg
Rd )
= f(§—a)
Similarly,
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_ / f(v)e—%rif(v—a) dv
Rd

= " (¢).
O
Definition 2.12. Let d = 1, for f € L*(R), define the Hilbert transform
Hf(x) = F~ | =isen(©)f()] (@),
where
+1, £€>0
sgn(§) =40,  £=0
-1, &¢<0.
Remark 2.13. For f € L*(R),
1Hfllz2 = 12 = 1/ ]2
Proposition 2.14. For f € L*(R), let M, f(x) = e2™ f(x), then
% (MMM, — MyHM 1) f = Sif.
Proof. Recall that
Maf(€) = (¢~ a).
Let A = My HM, then
AAf(f) = 37 (M1 (M f) ) (€)
= SF(H(Mf))(E+1)
5= ngn(f + D] M (€ +1)
3sen(€ +1)f(©).
Likewise, if B = %M_l’HM_l, then
BJ(€) = —5 sen(¢ — DF(S).
Thus 1
F(Af +Bf)(©) = 5 lsgn(€ +1) —sen(¢ — 1] f(£)
= X(—1,1)(§)f(f)~
So, £ (M_yHMy — MyHM_4) f = S1f for f € L*(R). O
Proposition 2.15. We have the following property in LP(R),
Sl Sl
p = sup .
gerenrt gl ges llgllze
Proof. Homework! a

Theorem 2.16. We conclude that in LP(R), 1 < p < oo,
lim Spfr=f
R—o0

H
”H||S—>Lp = sup H fHLp <

res I fllee
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Theorem 2.17 (Fefferman, 1971, Annals of Mathematics). In higher dimensions, where
d>1

Sy : LP(RY N LY(RY) — LP(RY)
1s bounded if and only if p = 2.
2.2. Hilbert Transform Simplification for Fourier Series. Let 1 < p < oo and
f € LP([0,1]). Recall that the N-th partial Fourier sum is

sin(m(2N +1)t)
sin(7rt)

Sy f(x) = /0 flz—1)

— Z f?(n)e%rinx
n=—N

1

=3 Z (sgn(n + N) —sgn(n— N) )f'(n)e%mx

n=—oo

+% (F)e2miNe 4 f(—N)em2mie)

Definition 2.18. Let

Cf(x)= Y sgn(n)f(n)e*™n.
Note that since f(0) = fol f(z)dz,
1 2
ICHE+| [ s@rde| =171

Proposition 2.19. If the operator norm
HC’HLP_>LP < o0,

then we have
sup ||Sn|[zr—rr < o0.
N

Proof. Let
My f(x) = f(x)e 2N,
then clearly we have
Myf(n) = f(n+N).
Thereofore,
F(M_yCMyf)(n) = F(CMyf)(n—N)

- Sgn(n - N)f(”)?

and similarly,

A~

F(MNCM_nf)(n) =sgn(n+ N)f(n).
We conclude that for f € L?, by taking the inverse Fourier series,
1
5 [MNCM_n — M_nCMy] f(x)

= % Z [sgn(n + N) — sgn(n — N)] f(n)e™m®

n=—oo

_ SNf(l') - % (f(N>e27riNx + f(_N)e—QwiNx> )
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Hence,

Snf(x) = % (MxCM_x — M_nCMy] ()

+% (f(N)e%riNx + f(_N)efQﬂ'iNz) )

Since ||My||rr—1r = 1, we have
[Snllcr—rr = sup [[SnfllLe

|f||Lp:17
fes

< sup (|Cf]ler +1)

IfllLp=1,
fes

where
S = span {62”””” 'n € Z} .

Question 2.20. What is C'f(x) for f € S?

Let

o0

Crf(x) = Y r"sgn(n)f(n)e*™.

n=—oo

Then
Cf(x) = lim C,f(x)

r—1—
-1

— lim [Z rnf(n)e%rinx - Z T,nf(n)e%rm:p]
n=1

n=—o0
[ [e%S) [e'S)

_ lim Z Tn627rm xz—t) Z Tne—27rm(z t)] dt
n=1 n=1

— 1 1 gt
B rirlﬂ 1-— 7"627” a—t) 1 — re—2mi(z—t)

|:T1_1)I}1 / f IIIl < 62m(x t)> dt:|
1/2 :
— 2 lim_/ flo—t)— QT sin(2rt) S dt| .
r—1= J_1/2 rcos(2mt) +r

1/2 (2
/ < rsin(27t) 2> dt =0,
—1/2 \1 — 2rcos(2mt) +r

2 rsin(27
C’f(x) =27 lim (f(x—t)—f(x)) (2 t)

r—1-J 1/ 1 — 2rcos(2nt) + r?

YR sin(2mt)
=2 /1/2(f(33 t) — f(z) ) 2 — 2 cos(27t)

Since

we have

dt

1/2
_ 2i/ (fla— 1) — f(2)) cot(mt)dr.

—-1/2

= 2i lim (f(z—1t) = f(z)) cot(mt)dt

=0T Je<|t|<1/2

41
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= 2i lim f(x —t)cot(mt)dt
=0T Jec|t|<1/2

= 2H (),
where H f(x) is the Hilbert transform on the circle.

2.3. Hilbert Transform Simplification for the Fourier Transform.

Definition 2.21. Recall that

Hf(@)(€) = —isgn(€) f(€).
Let

1 flz—y)
Henfle) = m /s<|y<N Y .

Proposition 2.22. Asn — oo, dg(n) — 07, N(n) — oo such that
Hf(z) = lim Hen) N f(2)-

Proof. For f € L' N L?,

Hovfa) = & (X oy

So

Honj©) =L F (X<';"<N) (€) - F (&),

where

F <X€<'y'<N> cr'nI2
Yy
We compute

1 Xe<|yl<N 1 e—?m’&y 1 627rify
]:< e<lyl<N >(§):/ dy = —— dy.
™ Y T Je<lyl<N Y T Je<lyl<N Y

Therefore,

1 1 2mily _ ,—2mily
g <Xs<|y<N> ( _ e e dy.

Yy 2m e<|y|<N Yy

. 19
_ / sin(2m¢y)
T Je<|y|<N Yy

i ~¢ sin(27&y) N sin(2néy) >
N W(/N y dy+/€ v V)

Case I: z > 0, let u = 27y, then

1 . —2me€ 2w NE s
]__<Xs<|y<N> (€) = —1 (/ smudu+/ smudy>
T Y m —oxNg U 2me€ U

2i (2Nl gin y

T Jore|g] Yy

Case II: z > 0, then 2F (XK'%) (€)=0.

Case III: x < 0, let u = —27y, then
l}. <X€<|y<N> (€)= i /_8(_2”5) sin u du + /N(_%g) sinu du )
T Y T \J-N(-2r¢) U e(—2m¢) U

1 [ Xe<y|<N 2i 2mNIEl gin 4
_F < e<|y| > (5) = —Sgn(x)/ dy
m Yy ™ 2me|€| Yy

Therefore,




NOTES ON HARMONIC ANALYSIS 43

So

- , 2N g o N
Honi () = — Zsgn(a) / Y - o).
27el€] Y

™

Then, by the classical integral fooo Si%du =7,

|Hen f = HI|2e = [|Hon | — HT| 2
A

2, . 27Nl gin g ) ~
((W(—Z)sgn(f) /27re|5| ) dy—zsgn(€)> f(£)>

—0ase— 0", N — co. So when & # 0,

9 27N || o3
lim / Smydy =1.
0T, N—oo \ T Jore|¢| Yy

2

dg

Remark 2.23. Now,

Honf(x) = / &=y 4,

e<|y|<N Yy

:/ f(ﬂﬁ—y)dy+/ f(x—y)dy
e<|y|<1 Yy 1<]y|<N Yy

_/ f(ﬂf—y)—f(«’v)dyJr / @dy +/ f(w—y)dy
e<|y|<1 Yy e<lyl<1 Y 1<|y|<N Yy

=0 because (f:f + f;)%dt:O

So if f € S(R),
1 flx—y) — f(x) 1 flx—y)
Hf(z) == dy + = EAS. 2
f@) /|y<1 v /Iyzl Y

m (0 m Yy
1 —y) — 1 —

_ 1 flz—y) — f(z) dy+/ flz—vy) dy
T e=0" Jecly|<1 Yy Tyt Y

Alternatively,

e—0t T Y

Hf(z) = lim 1/| Mdy.
y|>e
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2.4. Marcinkiewicz Interpolation Theorem.
Remark 2.24. Easy homework:

m({z e R": |f(z)] > A}) <
Thus, if T': LP(R™) — L9(R™) is bounded,

1f11%q
\

ITA1L, _ Colfl%

PV - PV ’
Definition 2.25. Let M denote the space of measurable functions, the operator T : LP —
M is said to be weak type (p,q), ¢ < oo, if

m({zx eR": |Tf(x)| > A}) <

CIN L

m({z € R": Tf(z)] > A\}) < —

Remark 2.26. It is easy to check that

[ lt@lde =[x tm (e € R @) > A1)

where
df(\) =m({z € R": [f(z)] > A})
is the distribution function.

Definition 2.27. Let M’ C M be a vector space. A mapping T : M’ — M is sublinear if
(1) 1T(fo+ fi)(@)| < |Tfo(x)| + T fr(2)],
2) [T (@) < AT f ()]

Theorem 2.28 (Marcinkiewicz Interpolation Theorem). Let 1 < pg < p1 < oo and
suppose T : LPO + LPY — M is sublinear. If T' is weak type (po,po) and weak type (p1,p1),
then for pg < p < p1, we have

1
1 1 1 P _
Il < 2% |2 ] et
b —DPo p1—DP
where ) 9 18
S=— 4+ ——, 0<0<1.
p Do p1

Proof. Case p; = oo: homework.
Case p1 < oo: Let f € LP. Define
1 =1 X{a:|f (@) <N}

fo= T X{a|f@)=cn)s
so f = fo+ f1 € LP° + LP1. Note that

Tf ()| < [T folx)| + T fr(=)],

and
o 15> A € o [Th@) > fu{e: maw@l> 5}
therefore,
de(/\) <dry, (;) +dry, (;) .
Thus,

ITfI%, =p/0 XN (N) dA

e A & A
o[ (G [ 3o
0 0
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Furthermore,

drg, () = m (e TG > 2/2)
<cr (3)" Il

2 P1
= (A) /R (@) P X ) () < ny -

Likewise, we have

)\ 2 Po
drf, <2> < Co (A) /Rn |f ()P X (| f(2) |22y A

Thus,

TSI, < v [<2co>p° L7 (L 1@t sends )

+(2C'1)p1/0 </n |f(x)|p1)‘p1p1X{x:|f(x)|<C)\}dx> d>\]

=P

oy [ 1 ([N g i ) de

sz [P ([T g ) dx]

[f ()]

com [ 1s@p ( [
e [ (r@p ( [ wl-m) ]

C

(2Co)P / |f ()| (W) dm

reeyr [ e () a

R~ (Pl — p)Cp—pl

B (2Cy)Po (2Ch )P

a [(p —po)CP~P0 ~ (p1 —p)CP~P
_p [(2CC)Pe (2C1C)P
_Cp[(p—po) (p1 — )

Pick C' where (2C,C)P0 = (2C1C)P*, then

» [(2000)% . (2010)171} _ p(2GoC) [ Lo, ] |

cr |l (p—po)  (p1—p) cr p—po pL—p

=P

Ap‘l_pod)\> dx

=P

] 112,

] 11

Therefore,

ITfllzr <p

2C,C)P/P [ 1 1 Ve
pPp—po P p
Let % = p% + lp;le, then note that C' = W yields

(2C,C)Po/P
C

Po

Po __Po
= 2C1(2C()C) P n

_ o200 R

45
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Since 201C = (2C,C)Po/P1,

Cc,  20:C Po_q
I = (2
CO 2000 ( OOC)pl )
6
<CO> — o)l Rl
1

So
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3. DyADIC INTERVALS
3.1. What are Dyadic Intervals?
Definition 3.1. We define the dyadic intervals

D:{[l;kl,;k> :(l,k)erZ},

and l l
—1
-4 -2 0 2 4 6
kE=-1 I I I I I I
k=0t I I I I I I I I I I I
-5 -4 -3 -2 -1 0 1 2 3 4 5 6
k=1r———————————+—+———+—+—+———+—+—
3 2-31-30 3 1 3 2 3

FiGurE 5. Dyadic Intervals with [ € Z

Proposition 3.2. Notice that each interval is contained in uniquely one upper-level in-
terval.

(1) R=sep, I-

(2) VI € D, 31 € D such that I C I, ¢(I) = 20(I).

(3) For I,J € D, we have INJ € {&,1,J} and I C J if and only if
J=1" for some k € N,

where T®) is the k-th generational parent, where

—_—

O (O (’f(k—l)), 70 =T

(4) If I = (a,b),4(I) =b—a, and
27l < (1) < 27F,
then
H{TEDy:INT £2} <2
Proof. (1): Obvious.
(2): Let I = [12_—,3, 2%) and let [ be even. Then

1/2-1/2 1/2 1/2-1 1/2 ~
I:[ 2k—1 ’2k:—1> = [ 2k—1 ’2k—1 =1
and 5

If [ is odd, then

2k—1 ’ 2k—1

7= [0—1)/2 1/2 ) . [(5_1)/2 (1+1)/2> .

(3): Homework.
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(4): Let
{(JeD,:JNI+#o}={J}M,.
Let J; = [a;, b;), ¢; € J; NI, WLOG assume
a1 <y <by<ax<by < <apy-1 <by-1<ay Zcy <by.

So
b—a>cy —cp >by—an
M-1
> (by — a;)
i=2
= (M —2)27F
Thus
278 >b—a>(M-2)27F
so 3> M. O

Remark 3.3. (4) says if I is an interval, 3{J;}2_; C D such that I C J; U J; and if
= E(Jl) = K(JQ) then

</U(I) <.

NSRS N

3.2. The Hardy-Littlewood Maximal Function.

Definition 3.4 (Hardy-Littlewood Maximal Function). Let f € L*(R). Let Mf : R —

[0, 00),
1 xT+r

Mf(z) = supor | |f(y)| dy.

Remark 3.5. If f € L™(R),

xT+r 2
[y < 3l = 1]

Therefore,
M fllzee < |If[les-

Theorem 3.6. M is weak type (1,1). Mf & L' if f #0 a.e.

Proof. Let A > 0. Step (1): we claim

rer:Mrw) >0 € U {20:0eD 555 [ 1fwlay> 5}

QeD

Assume that

Let [ = (x —r,z +7), let {J;}2_, as before, i.e., I C J; U Jy. We claim that J; ¢ €. If
not,
J; €€, and let u e INJ,.
then
|z —¢i| < |z —u|l+ |u—q¢l
where ¢; is the center of J;. Then,

|z — ;] < 6(21) + g(;z)
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Thus, z € 2J; and J; € €, so x € €, contradiction. Thus

/|f

Thus
1 T+r

Step(2): We claim that

1 A 8
m(U{%%QEQKQXQMH®>4})<Afu-

QeD
Let Q € ¢, and
Q= @(0) C Qv(l) C @(2) ces
where £(Q™)) = 28/(Q). Therefore,

1
/~ |f(y)| dy < 71z — 0 as k — oo.
(k)

0(QW) 250(Q)
Thus we can conclude that
(A) QU =Qe%.

(B) Q%) & € for k large.

For every Q € ¥, M € N such that @(M) € € and @(”) ¢ € for n > M. Define the
Calderén-Zygmund intervals of height A:

Q) ={Pe%: PP ¢ forany k eN}
={Pe¢:POP = P ¢&%}.
Claim that {Q;} are disjoint. Why? If P, P’ € {Q;} then P ¢ P’ or P’ ¢ P, impossible.

Notice that
o | w5
UQj5) Jo, 4

implies
4
3 Ll > Q).
Qj
Therefore,
Ze Q) < AZ / )l dy
<1 [ 1wy
R
Al
.
Finally,

Qev J

()



50 XIAOTONG (DAWSON) YANG

8
<2} 0Q) < ~IIflp-
J

Corollary 3.7. M : LP — LP is bounded for 1 < p < oo.

3.3. Calderdon-Zygmund decomposition.

Theorem 3.8 (Lebesgue Differentiation Theorem). Let f € L'. For a.e. x € R we have

T+r
lim — / ) — F(@)]dy =0.

1 +r
fla) = tim oo [ pwdy
Proof. Notice that
T+r T+r
0= 5 [ rwan| =] [ 0w - syay
z+r
<o [ 1@ - 1)l dy,

which we will prove — 0 as r — 0". Let
1 x+r
L@ =5 [ 1f@) - f)ld
r xr—r

and

T+r
T (x) = limsup — / (@) — f()] dy.

r—=0+t 4T Ja—p

We claim that m ({z € R : T'f(x) > A}) = 0, which is equivalent to showing
m{{xeR:Tf(x) >A})=0
for all A > 0. Pick g € C(R) such that ||f — g||;1 <e. Let h = f — g. Then
T.f <T,g+Th.
Notice that

x+r
Th(z) < — / Ih(y)|dy + [h(x)].

—2r Ja,
< Mh(z) + |h(zx)|.
where Mh(x) is the Hardy-Littlewood maximal function. So
Tf(x) < limsup (Tyg(e) + Mh(z) + [h(z)])

r—0t
< Mh(z) + |h(x)|.
Clearly we have

A

{z:Tf(x) >} C {x : Mh(z) > ;\} U {x |h(z)| > 2}.

Therefore,

m({z: (@) > \}) <m ({x . Mh(z) > ;}) +m ({x  h(z)| > ;}) .

2 2
< ClXHhHLl + X”hHLla



NOTES ON HARMONIC ANALYSIS 51

where C is the type (1,1) bound for the maximal function, and the latter term comes
from Chebyshev’s inequality. Recall ||hlj;1 = ||f — gllz1 < &, so

m({z: Tfz) > \}) < 201; 2.

As € is arbitrary,

m({x:Tf(x) >A}) =0.

Corollary 3.9. Let f € L', F(x) = [ f(y)dy. Then for a.c. z € R,
Fl(z) = f(=).

Proof. Notice that
F(x+r)— F(x)
r

xT+r x
[ twar= [y - p@)

x+r
1/ fy)dy — f(z)

r

T+r
<! / (W) — (@) dy

r

<23 [0 - sl a]

-

which — 0 as 7 — 07 by the Lebesgue differentiation theorem. a

Definition 3.10. Define the Calderén-Zygmund intervals of height A:
{Qt={Pew:P¥ ¢ for any k €N}

—{Pc%¢:P 2P = P ¢%}.

%:{Pep:alm/})f(y)dpA}.

Lemma 3.11. Let {Q;} be Calderon-Zygmund intervals of height X for f > 0. Then:
(1) f(x) <A forace. x ¢ || Q;.

@) m (U Q) =55 Q) < Yo,
(3) A< 7y Jo, fy) dy < 2X.

where

Proof. (2): Done already!

(1): Pick Ij, € Dy such that z € Iy, so {z} ==
Theorem,

Ij,. By the Lebesgue Differentiation

— 00

1
r)= lim —— dy.
f) = Jim g | Sy
Claim that if x ¢ |_|j Qj, then for all k € N,

1
T /I Sy <
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If not, I, € ¢ implies I, C Q; for some j'. Thus z € I}, C |_|j Q;, contradiction. Hence,

1
z) = lim dy < .
(3): By definition,
1
fly)dy > A
0(Q;) Qj W)
Also by definition @; ¢ €, thus
1

i@y ), 0 Qj/f dy < 2).

O

Theorem 3.12 (Calderén-Zygmund decomposition of f > 0 at height \). Let A > 0 and
f e LY If{Q;} are Calderén-Zygmund intervals; then (1) — (3) previously are true.

Further, define
o {f(w) r g1,
Q])fQJ y) dy z € Qj,
where b(x) = f(x) — g(x) is the “bad” function. Then f(x) = g(x) + b(x) satisfies:

(A) llgllzoery < 2X and [|gll 1wy < 111 (w)-
(B) b(z) = >_,;bj(z), where

(B1) bj(x) —0f07’$¢ Qj,

(B2) fQ y)dy =0,

(B3) fo, Ibi(v)] dy < AN(Q)).

Proof. (A): If x ¢ | |; @j, then g(z) = f(z) < A If z € @, then

Also,

(B): For z ¢ | |; Qj,

For z € Qj,
) = 1)~ g |, T
So
b(z) = (f(w) 1, W dy> X, (@) = 3 bi(@),
where
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Then
/ij‘j(y)dy_/ij(y)dy—/ij(y)dy—o.

/Qj b ()| dy < /Q (f(y)Jr]éj f) dy

=2 [ f(y)dy
Qj

Finally,

< 26(Q)) (mlg) 1w dy> < (20Q))) V.

3.4. Weak type estimates for the Hilbert transform.
Lemma 3.13. Let f € L?, f =0 a.e. on R\ I, where I is compact. Then

Hp@ =1 [ LW,

TJIT—Y

for a.e. z € R/I.
Theorem 3.14. If f € L' N L?, then

Clfl

m({z: [Hf(2)] > A}) < —3

Proof. WLOG f > 0, let f = g + b be the Calderén-Zygmund decomposition at height
A > 0. Then clearly

(e @) > ) < m ({as14a@) > 5 }) +m (o poen >3 }).

(1) 2)

(1): Notice that

(2): Recall that

we have
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g4§:/}f@»%w

< 4/ 1f(2)|2dz < oo,
R
Therefore, b € L? and b = dibj € L?. Then Hb(z) = > Hbj(x) in L2,

|Hb(x)| < Z [Hbj(z)| for ae. z€R.
Define
o=@, o =J20;
J J
Then
m(Q7) <) m(2Q))
J
=2) m(Q))
J
< 2 Al
= A
Therefore,

(2) < m(Q") +m <{az ER\ O : [Hb(z)| > ;})

2”le 2
< + — Hb(x)|dx.

We claim that %fR\Q* |Hb(z)|dx < %”fHLI. Notice

/ |Hb(x)|d:cgz/ (b, ()| dr
R\Q* ~ Jr\a-

Hb(2)|da < / |Hb; ()| da.
/R\n* Z R\20;

Recall that each b; =0 on {R\ 2Q;} C {R \ Q;} since fQ y)dy = 0, so we have

\H@@M=M;£”@d
/ ) <wiy—m—10;>dy

s
b;(y)| ————L— dy.
/' |x—mm—%|

Since 2Q); € QF,

Because
[z — ¢l <z —yl+ly— gl
<lo—yl+ (Q;)
< 2I$—y|,
we have ﬁ < Iw ol yielding

oyl <2 [ o)l =2 ay

Q; (z — Cj)Q

< [ Il

J
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0(Qy)

FIGURE 6. z,y and 2Q);

So,

) j X
Z/R\ (2Q) #bi()lde < Z/]R\(QQJ ( (z — ¢j)?2 /Q. V’J(y)'dy) d

J

- Z [/ wlldy [/R\@Qj) <(f(fgéj))2> dx] |

Notice that R\ (2Q;) = ( 00,¢; — Q)] U (¢j +£(Qj),00), so

c;i—4(Q;) oo .
/ / o “9,) 5dT
R\(2Q;) (fU - C] 0 c]+e(QJ) (x —¢j)

- { (Q»] @) =

Therefore,
b, ()| dr < 2 / W) dy
Z ‘/R\(QQJ Z
= 2[b] 11
<4 flp.
Putting everything together, we conclude that
18
m{z: |Hf(x)] > A}) < |)'\f|1 for f € L' N L2

3.5. LP Boundedness of the Hilbert Transform. Recall: If f € L' N L?, then
Cllfll

m (e [1f(@)] > Ap) < S
Lemma 3.15. Let {g,} C M. If VA e > 0, there exists N = N, ) such that n,m > N
implies

m({z €R: |gn(z) — gm(z)| > A}) <,
i.e. {gn} is Cauchy in measure. Then g € M such that g, — g in measure, i.e.
VA >0, li_)m m({z : |gn(z) — g(z)| > A}) = 0.

Proof. Step (1): Find g € M, {gn, } such that gy, — ¢ pointwise a.e. Let
e=A=2"% N, > Noy—k ok,
and w.l.o.g.
N1 < Ny < N3y < ...
Let
By = {@: lgnpa (@) = g (@) > 275}
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then
[o¢] [o¢]
Zm(Ek) < 2327’C < 00.
k=1 k=1

By Borel-Cantelli Lemma, for a.e. x € R, 3K (z) such that £ > K(x) implies x ¢ Ej. Let

e >0, wlo.g.

o K@)+ ~

If n,m > K(z) (w.l.o.g. n > m), then

n—1

|98, (2) = g3, (@)] = | Y (9N (@) = g (@)

k=m

n—1
<D 1N (@) — gn (@)
k=m

n—1
< Z 27k < 9mmtl < g—ke o
k=m

Thus, {gn, (z)} C C is Cauchy. Let g(z) = limy_c gn, () € M.

Step (2): gn — ¢ in measure. Homework. 0

Lemma 3.16. Let f € L', {f,} € L' N L2, f, — f in L', then {Hf,} is Cauchy in
measure.

Proof. Recall that

m({@: [Hfo(x) — Hfm(z)| > A}) < w

pick N such that || f,, — fnllz1 < %, then for n,m > N,
m({z: |Hfn(x) — Hfm(x)] > A}) <e.

Definition 3.17. Let H f =1lim,,_, o Hfn, where convergence is in measure.
1 eV 20|11l
Remark 3.18. Vf € L', m({z : [Hf(z)] > A\}) < ==,

Remark 3.19. H is the unique linear weak type (1,1) extension from L' N L? to L.

Proof. Let H' = H on L' N L?, H' is linear on L', and weak (1,1) on L. Let A > 0,
f € L', we want to show

m({z : [Hf(x) —H f(z)] > A}) = 0.
Let {f,} CL'N L2 f, — fin L', notice that
Hf () = H f(@)| < [Hf(@) = Hfa(z)| + [H falz) - H f(2)].

Therefore,

m({z : |Hf(z) — H f(z)| > A\}) < limsupm ({1: HHS (@) = Hful2)] > ;})

n—oo

N[ >

T limsupm ({x H (o~ D(@)] > }) ,

n—oo

2
< 0+ limsup C (A) I = falls = 0.

n—0o0
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Definition 3.20. Finally, let 7 : L' + L? — M be

Hf=Hfi+Hfo,
where f = fi + fa, f1 € L', fo € L%

Remark 3.21. H is well-defined.

Proof. Assume f1 + fo = g1 + g2, where f1,91 € L' and f5, g2 € L?. We want to prove

Hfr+Hfr = Hgr + Hao.

Notice that f; — g1 = g2 — fo € L' N L2, so
H(f1 —g1) = H(g2 — f2) = Hga — H fa.

In addition,

H(fr — 1) = H(f1 — 1)

= 7'~lfl - 7:291-

Therefore,

Hfi — Hor = Hgo — Hfo,

Hfr+Hfr = Hgr + Hao.

Remark 3.22. By Marcinkiewicz Interpolation Theorem, Vp € (1,2),

1 1

p—1+2—p

~ 1/p
[l rir < 27 [ ] Il llor.

Thus for f € S(R),

1
2-p
Remark 3.23. Homework: Hf € LP)if f € S(R), 1 <p < o0
Theorem 3.24. H extends boundedly to LP. Also,

1
| H|| zp—rr = O () asp— 17,
p—1

- 1 1/p
sl <2 |2 5| el

and
|H|[zr—rr = O(p) as p — o0.
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Proof. Let 2 < p < oo, then for p’ = p%l, by the property of duality and adjoint operator,

|Hl o sro =  sup  |(Hf,9) 2]

gl »r =1,
g€S(R)

= sup [(Hg, f)r2]

lgll, =1,
ge€S(R)
< sup |[Hgllrel fllLr

lgll pr =1
g€S(R)

SN HN g o gl o [ £ 2o

<N Hl g o 11|z
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APPENDIX A. RIESZ-THORIN INTERPOLATION

Theorem A.1 (Hadamard Three-Lines Theorem). Let S = {z € C:0 < Rez < 1}. Let
f be bounded, continuous on S, and holomorphic on S. For any 0 € [0,1], if

Mg = sup[f(6 +iy)|
yeR

then
My < M3~0MY.

Proof. Take a* = €*!°8¢ consider
P(2) = f(2)M; ' My,

If My or M; equals 0, maximum modulus principle implies that f = 0. We may WLOG
assume My = M; = 1 (homework!). Thus, for z € 95,

|f(2)] < max{Mo, M} = 1.
So |f(2)] <1 for z € S. Let

K =sup|f(2)|.
z€S
Consider
_ _f _ .
fn(2) —, on S, ={z €S :|Imz| <n}.
I+
Rez=0 Rez=1
Imz=mn
z
[ ]
S
Imz=0
Imz=-n
Rez=10

FIGURE 7. Three-Lines Illustration

Then, clearly, f,(2) — f(z) as n — oo. Notice that, letting 2 = z + iy € S, then
2
1+ 222 = (1+ E2)? + (Ey)" > 1,
S0 fn is holomorphic on S, and
@ < IfEI <1 ifzeos
While if z € 05, and |y| = n,
k ky| _

1+ 5z = ‘Wy‘ =k,

SO
f _k

w(2)] = o <o =1

Thus, we conclude that
|fn(z)] <1 for z € 05,
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yielding
|fn(2)] <1 for z e S,,
and
FE) = lm [fu(2)| <1 forzes.

O

Theorem A.2 (Riesz-Thorin Interpolation). Let 0 < pg,p1 < o0, 1 < gg,q1 < 00. Fiz
0<0<1, and let

po P P G G @
Let T : F — M be a linear operator such that (Tf)-g € L' for f,g € F, and satisfies
1T fl[Loo < Aol fllzeo, TSz < Aal[fllLer, Vf€F.

Then for all such f,

1 1-60 0 1 1-60 40

ITfllze0 < Ag~"AQ fllzro-

Proof. Let f € F. By duality, for =+ 3 =1, (L%(R"))" = L%(R"). Also recall that F
0

. . /
is dense in L%. Hence,

|TfllLee = sup / (Tf)(x)g(z)dz|.
geF n
llgll g =1
We want to show
[ @N@)gla)ds| < A0 Al F .

Since both sides scale linearly when f is multiplied by a scalar, we can replace f with
f/fllzre € F, it suffices to show

J@n@ae ds| < 470 A7 it 0 = 1.

Let
N M
= ajoxe, g=> bBixs

j=1 i=1
where a;j,b; > 0, a;, 5; € C, and |a;| = |5;| = 1. Define for z = 6 + it,

N
A
f. = Zaj(z)aijj S
j=1

M
9. = Z b?(z)ﬁz‘XFi € F,
i—1

1—=2 z 1—=2 z
)\Z=p9< +>, /LZZQ'<+>-
) P D (2) = dp @ 4

I(z) = /]R Tf.(x)-g.(x)dz.
By Morera’s theorem, I : S — C is holomorphic on S, bounded/continuous on S. Let

My = sup |18 + iy)].
yeR

where

Define

Then, by Hadamard three-lines theorem
11(0)] < My < Mg~ M.



NOTES ON HARMONIC ANALYSIS

Notice that when z = 0,

7j=1
N
= Z ajCXE; (1‘)
j=1
= f(z),
- . 1 _1-60 , 6
similarly since T q + a0
go(z) = g()
Therefore,
16) = | [ Tr@)-g(w)da|.

Let x € Ej;, for arbitrary ¢« € N, when Rez = 0, we have

po ottt
| fotiy(2)] = |a; (% “)0@‘
_ _po/po
_aj
= @,

Similarly,
[90-+iy (@) = [g()]%/%.
Summing up, when Rez = 0,
11(0 +iy)| < |T fotiyl L9 ||9||Lq5
< Aol fotiyllreollgll o

a9/
= Aoll /115" g™

= Ap.
Now let x € E; as before when Rez = 1, we have

dy | 1+dy
pg(?o+ P1 )

|f(L+1dy)| = a; aj

_ ., .po/p1

= [f @,
and similarly for g,
l9(1 + iy)| = lg()|%/%.
Thus,
(A +iy)| < T frvigllza llgll, o

< A1||f1+iy||Lp1 HgHLq/l

ay/a

= Al FI gl
= A;.

We conclude that

[1(0)] =

/ Tf(z) g(x)dx| < M(}*er < A(lngi).

61
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Theorem A.3 (Riesz-Thorin for LP — (P). We start with a sequence analog of a simple
function with support of finite measure. Let
S = {{ar}rez : ax =0 for all but finitely many k € Z} .
Let 0, po, p1, o, q1, o, qo be as before. Let T : F([0,1]) — S satisfy
1T flleaoz) < Aoll £l zro(j0,17)
T fllearzy) < Axll fllzer o1

for all f € F([0,1]). Then
T fllgao (zy < Aé_eA?HfHLPG([O,l}y

Corollary A.4 (Hausdorff-Young inequality for Fourier series). If 1 < p < 2 and f €
L2([0,1)), then {f(k)}rez € 7 (Z) and

1/p’
<Z |f(k‘)|p,) < I fllzeqo,1))5

keZ

1., 1 _
where > + I 1.
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