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Notation and conventions

• Let x = (x1, . . . , xn) ∈ Ω ⊂ Rn, and

∂xju =
∂u

∂xj
, j = 1, . . . , n.

The gradient of u is
∇u = (∂x1u, . . . , ∂xnu).

• The Laplace operator on Rn is

∆u =
n∑

j=1

∂2u

∂x2j
.

• For any set S, contained in some ambient space X, we denote by χS the indicator
function of S

χS : X → {0, 1}, χS(x) =

{
1, x ∈ S,

0, x ̸∈ S.

• A vector α = (α1, . . . , αn) ∈ Nn
0 is called a multi-index of order |α| = α1+· · ·+αn.

We denote

Dαu =
∂|α|u

∂xα1
1 · · · ∂xαn

n
,

and similarly for xα = xα1
1 xα2

2 · · ·xαn
n .

• Ω is the closure of Ω, and ∂Ω = Ω \ Ω is the boundary.

• For Ω bounded, we equip this set with the norm:

∥u∥Cm(Ω) =
∑

|α|≤m

sup
Ω

∥∂αu∥L∞ .

This yields a Banach space.

• Cm(Ω) is the space of m-times differentiable functions, which are continuous up
to ∂Ω.

• C∞(Ω) =
⋂

m∈NCm(Ω) is the space of smooth functions.

• F = {f : f simple, has finite measure support} ⊆
⋂

p>0 L
p(Rn).

• M is the set of measurable functions on Rn.
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Introduction

These notes were written in the summer of 2025 when I taught myself harmonic analysis.
I followed Javier Douandikoetxea’s Fourier analysis and lectures by Joshua Isralowitz at
University at Albany on this YouTube channel.

1. Fourier Series and Integrals

1.1. Introduction to Fourier Series and Differentiation.

Definition 1.1. A function f : R → C is 1-periodic if for all x ∈ R and k ∈ Z,

f(x+ k) = f(x).

Assume

f(x) =
∞∑
k=0

[ak cos(2πkx) + bk sin(2πkx)]

for some ak, bk ∈ C. Then, equivalently,

f(x) =
∞∑
k=0

c−ke
−2πikx +

∞∑
k=1

cke
2πikx

=

∞∑
k=−∞

cke
2πikx

where ck ∈ C. Multiplying both sides by e−2πimx yields

e−2πimxf(x) =
∞∑

k=−∞
cke

2πi(k−m)x.

Integrate both sides over [0, 1], we get

� 1

0
e−2πimxf(x) dx =

∞∑
k=−∞

ck

� 1

0
e2πi(k−m)x dx

=

∞∑
k=−∞

ck

� 1

0

[
cos
(
2π(k −m)x

)
+ i sin

(
2π(k −m)x

)]
dx.

Notice that
� 1

0

[
cos
(
2π(k −m)x

)
+ i sin

(
2π(k −m)x

)]
dx =

{
1 if k = m,

0 if k ̸= m.

Hence every term in the infinite sum vanishes except the one with k = m, yielding

cm =

� 1

0
e−2πimxf(x) dx.

Definition 1.2. For each function f ∈ L1(T), the sequence of Fourier coefficients of f is

f̂(k) =

� 1

0
e−2πikxf(x) dx.

Definition 1.3. The Fourier series of f is

∞∑
k=−∞

f̂(k)e2πikx.

https://www.youtube.com/@classicalharmonicanalysis3348
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Proposition 1.4. If
∑∞

k=−∞ |ck| < ∞, and

f(x) =
∞∑

k=−∞
cke

2πikx,

then ck = f̂(k).

Question 1.5. Consider, in general, the statement that

f(x) “ = ”

∞∑
k=−∞

f̂(k)e2πikx. (1.1)

(1) When does 1.1 converge pointwise? uniformly?

(2) If (1) holds, can we approximate f by a trigonometric polynomial? When can we

recover f by {f̂(k)}∞k=−∞?

(3) If f ∈ Lp
per([0, 1]), p ≥ 1, does 1.1 converge in Lp

per([0, 1])?

(4) Does 1.1 converge pointwise a.e. if f ∈ Lp
per([0, 1])?

(5) If f is not 1-periodic, can we still define a “Fourier series” somehow?

Remark 1.6. If f ∈ Lp
per([0, 1]), then� 1

0
f(x) dx =

� a

a−1
f(x) dx, ∀a ∈ R.

Definition 1.7. Define the partial sum

Snf(x) =

n∑
k=−n

f̂(k)e2πikx.

Our approach to Question (1) above involves studying Snf(x) via an associated integral
operator. Notice

Snf(x) =
n∑

k=−n

(� 1

0
e−2πiktf(t)dt

)
e2πikx

=

n∑
k=−n

(� 1

0
e2πik(x−t)

)
f(t)dt

=

� 1

0

(
n∑

k=−n

e2πik(x−t)

)
f(t)dt,

where

Dn(x− t) =
n∑

k=−n

e2πik(x−t)

is the Dirichlet kernel. Let u = x− t,

Snf(x) =

� x

x−1
Dn(u)f(x− u)du

=

� 1

0
Dn(t)f(x− t)dt.

Proposition 1.8. Properties of the Dirichlet kernel:

(1)
� 1
0 Dn(t) dt = 1.

(2) Dn(t) =
sin
(
(2n+ 1)πt

)
sin(πt)

.
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Proof. By definition, � 1

0
Dn(t) dt =

n∑
k=−n

� 1

0
e2πikt dt = 1.

For (2),

Dn(t) =
n∑

k=−n

e2πikt

= e−2πint
2n∑
k=0

e2πikt

= e−2πint
2n∑
k=0

(e2πit)k

= e−2πint

(
1− e2πi(2n+1)t

1− e2πit

)

=
e−πi(2n+1)t

e−πit

(
1− e2πi(2n+1)t

1− e2πit

)

=
e−πi(2n+1)t − e2πi(2n+1)t

e−πit − eπit

=
sin
(
(2n+ 1)πt

)
sin(πt)

.

⊓⊔

Notice that

f(x) = 1 · f(x) =
(� 1

0
Dn(t)dt

)
f(x)

=

� 1

0
f(x)Dn(t)dt

looks similar to

Snf(x) =

� 1

0
Dn(t)f(x− t)dt.

So we are interested in

|f(x)− Snf(x)| =

∣∣∣∣∣
� 1

0

(
f(x)− f(x− t)

)sin( (2n+ 1)πt
)

sin(πt)
dt

∣∣∣∣∣ .
Proposition 1.9. Suppose that

∞∑
k=−∞

|k|n|ck| < ∞.

If

f(x) =
∞∑

k=−∞
cke

2πikx,

then

f (n)(x) =

∞∑
k=−∞

(2πik)ncke
2πikx.
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Proof. The proof is by induction. Case n = 1: Let

F (x) =
∞∑

k=−∞
(2πik)cke

2πikx.

Notice
f(x+ h)− f(x)

h
=

∞∑
k=−∞

ck

[
e2πik(x+h) − e2πikx

h

]

=
∞∑

k=−∞
cke

2πikx

[
e2πikh − 1

h

]
.

Then, ∣∣∣∣f(x+ h)− f(x)

h
− F (x)

∣∣∣∣ =
∣∣∣∣∣

∞∑
k=−∞

cke
2πikx

[
e2πikh − 1

h
− 2πik

]∣∣∣∣∣
≤

∞∑
k=−∞

|ck|
∣∣∣∣e2πikh − 1

h
− 2πik

∣∣∣∣ .
By the Mean Value Theorem,∣∣∣∣e2πikh − 1

h

∣∣∣∣ ≤ ∣∣∣∣cos(2πkh)− 1

h

∣∣∣∣+ ∣∣∣∣sin(2πkh)h

∣∣∣∣
= 2πk| cos(2πkh)|+ 2πk

∣∣∣∣sin(2πkh)2πkh

∣∣∣∣
≤ 4πk.

Thus, ∣∣∣∣e2πikh − 1

h
− 2πik

∣∣∣∣ ≤ 6πk.

Let ε > 0, fix N ∈ N such that ∑
|k|>N

(6π|k| |ck|) <
ε

2
.

Then

∞∑
k=−∞

|ck|
∣∣∣∣e2πikh − 1

h
− 2πik

∣∣∣∣ =
 ∑

|k|>N

+
∑
|k|≤N

 |ck|
∣∣∣∣e2πikh − 1

h
− 2πik

∣∣∣∣
<
∑
|k|>N

6π|k||ck|+
∑
|k|≤N

|ck|
∣∣∣∣e2πikh − 1

h
− 2πik

∣∣∣∣
<

ε

2
+
∑
|k|≤N

|ck|
∣∣∣∣e2πikh − 1

h
− 2πik

∣∣∣∣ .
Finally,

lim
h→0

∣∣∣∣e2πikh − 1

h
− 2πik

∣∣∣∣ = lim
h→0

∣∣∣∣cos(2πkh)− 1

h
+ i
( sin(2πkh)

h
− 2πik

)∣∣∣∣ = 0.

Pick δ > 0 that |h| < δ yields∣∣∣∣e2πikh − 1

h
− 2πik

∣∣∣∣ < ε

2
∑

|k|≤N |ck|

in which we assume w.l.o.g.
∑

|k|≤N |ck| ≠ 0.

Thus |h| < δ yields ∣∣∣∣f(x+ h)− f(x)

h
− F (x)

∣∣∣∣ ≤ ε

2
+

ε

2
= ε.
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Now we assume the propisition is true for n− 1, suppose

∞∑
k=−∞

|k|n|ck| < ∞,

then

f (n−1)(x) =

∞∑
k=−∞

(2πik)n−1cke
2πikx.

Let c̃k = (2πik)n−1ck, then

f(x) =

∞∑
k=−∞

c̃ke
2πikx

and clearly,
∞∑

k=−∞
|k||c̃k| < ∞.

So,

f (n)(x) =
d

dx
f (n−1)(x)

=
∞∑

k=−∞
(2πik)c̃ke

2πikx

=
∞∑

k=−∞
(2πik)ne2πikx.

⊓⊔

Proposition 1.10. If f ∈ Cn([0, 1]) and

f (ℓ)(0) = f (ℓ)(1)

for l = 0, 1, . . . , n− 1, then

f̂(k) = (2πik)−nf̂ (n)(k).

Proof. The proof follows from induction and inetgration by parts. When n = 1,

f̂(k) =

� 1

0
e−2πikxf(x) dx

=
e−2πikx

−2πik
f(x)

∣∣∣∣1
0

−
� 1

0

e−2πikx

−2πik
f ′(x) dx

=
1

2πik

� 1

0
e−2πikxf ′(x) dx.

Assume true for n− 1, we have

f̂(k) = (2πik)−n+1

� 1

0
e−2πikxf (n−1)(x) dx

= (2πik)−n+1

[
e−2πikx

−2πik
f (n−1)(x)

∣∣∣∣1
0

−
� 1

0

e−2πikx

−2πik
f (n)(x) dx

]

= (2πik)−nf̂ (n)(k).

⊓⊔
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Corollary 1.11. If f(x) is as in the previous proposition, if

f(x) =
∞∑

k=−∞
f̂(k)e2πikx

and if
∞∑

k=−∞
|f̂ (n)(k)| < ∞,

then

f (n)(x) =

∞∑
k=−∞

(2πik)nf̂(k)e2πikx.

Proof. The proof follows from the previous proposition that
∞∑

|k|=0

|k|n|f̂(k)|

=
∞∑

|k|=0

|k|n|(2πik)−nf̂ (n)(k)| < ∞.

⊓⊔

Remark 1.12 (Riemann-Lebesgue Lemma). If f ∈ L1([0, 1]), then lim|k|→∞ |f̂(k)| = 0.

Corollary 1.13. If f is as in the previous proposition, then the Fourier series of f (n)(x)
is obtained by n termwise differentiations of the Fourier series of f(x).

Proof. The Fourier series of f (n) is
∞∑

k=−∞
f̂ (n)(k)e2πikx =

∞∑
k=−∞

(2πik)nf̂(k)e2πikx

=
∞∑

k=−∞

dn

dxn
[f̂(k)e2πikx].

⊓⊔

1.2. Convergence of Fourier Series.

Example 1.14. Extending f(x) = x(1− x) as a periodic function yields

x−1 0 1 2

1
4

· · · · · ·

Figure 1. “Periodic” x(1− x)

Now we compute its Fourier coefficient

f̂(k) =

� 1

0
e−2πikxx(1− x)dx

=
−1

2π2k2
.
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x
−1 0 1 2

−1

1· · ·

· · ·

Figure 2. f ′(x)

The Fourier series of f(x) is

f(x) =
1

6
− 1

2π2
(e2πix + e−2πix)− 1

8π2
(e4πix + e−4πix)

=
1

6
− 1

π2

∞∑
k=1

cos(2πkx)

k2
.

Lemma 1.15 (Summation by parts). If Sn =
∑n

k=1 ak, n ≥ 2, then

n∑
k=1

akbk =

n−1∑
k=1

Sk(bk − bk+1) + Snbn.

Proof. The proof is by induction. ⊓⊔

Theorem 1.16 (Dirichlet’s Test). Suppose the following

(1) {bk}∞k=1 is monotonic,

(2) limk→∞ bk = 0,

(3) |
∑n

k=1 ak(x)| ≤ M ∀x ∈ A,n ∈ N.

Then
∑∞

k=1 bkak(x) converges uniformly on A.

Proof. Let ε > 0, we find N ∈ N such that for n > m > N , we have∥∥∥∥∥
n∑

k=1

bkak(x)−
m∑
k=1

bkak(x)

∥∥∥∥∥
∞,A

< ε.

Notice ∣∣∣∣∣
n∑

k=1

bkak(x)−
m∑
k=1

bkak(x)

∣∣∣∣∣
=

∣∣∣∣∣
[
n−1∑
k=1

Sk(x)(bk − bk+1) + Sn(x)bn

]
−

[
m−1∑
k=1

Sk(x)(bk − bk+1) + Sm(x)bm

]∣∣∣∣∣
=

∣∣∣∣∣
n−1∑
k=m

Sk(x)(bk − bk+1) + Sn(x)bn − Sm(x)bm

∣∣∣∣∣
≤

n−1∑
k=m

|Sk(x)||bk − bk+1|+ |Sn(x)||bn|+ |Sm(x)||bm|

Since |
∑n

k=1 ak(x)| ≤ M , and assume w.l.o.g. {bk} is increasing,

≤
n−1∑
k=m

M |bk+1 − bk|+M(|bn|+ |bm|)
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= M

n−1∑
k=m

(bk+1 − bk) +M(|bn|+ |bm|)

= M(bn − bm) +M(|bn|+ |bm|)
≤ 2M(|bn|+ |bm|).

We want this < ε, so pick N ∈ N such that for m > N , we have

|bm| < ε

4M
.

⊓⊔

Lemma 1.17. If x ∈ Z, then

(i)
n−1∑
k=0

sin(2πkx) =
sin
(
nπx

)
sin((n− 1)πx)

sin(πx)

(ii)
n−1∑
k=0

cos(2πkx) =
sin(nπx) cos

(
(n− 1)πx)

sin(πx
)

Proposition 1.18.
∑∞

k=1
sin(2πkx)

k converges pointwise on R and uniformly on A ⊆ R
with d(A,Z) = inf{|x− n| : x ∈ A,n ∈ Z} > 0, i.e. away from integers.

Proof. Let bk = 1
k , ak(x) = sin(2πkx), then∣∣∣∣∣

n∑
k=0

ak(x)

∣∣∣∣∣ = | sin((n+ 1)πx)|| sin(nπx)|
| sin(πx)|

≤ 1

C

for some C = C(A) > 0. By Dirichlet’s test,
∞∑
k=1

sin(2πkx)

k

converges uniformly on A. Note that
∞∑
k=1

sin(2πkm)

k
= 0 when m ∈ Z.

This is what typically happens to the Fourier series when we have jumps as in 1.14.

Non-uniform convergence: Let F, Fn : R → R such that

F (x) =
∞∑
k=1

sin(2πkx)

k
, Fn(x) =

n∑
k=1

sin(2πkx)

k
.

We claim that Fn ̸→ F uniformly on [0, a] for any a > 0. It can be proved as follows. Let
xn = 1

8n , then

Fn(xn) =
n∑

k=1

sin
(
πk
4n

)
k

.

By the mean value theorem,

Fn(xn) ≥
n∑

k=1

√
2

2

(
πk

4n

)
· 1
k

=

√
2π

8
.
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If Fn → F uniformly on [0, a], then F is continuous on [0, a]. Since F (0) = 0, fix n where

|F (xn)| <
√
2π
16 , then

|F (xn)− Fn(xn)| ≤ sup
x∈[0,a]

|F (x)− Fn(x)| <
√
2π

16
.

Then we have the contradiction that

|Fn(xn)| ≤ |Fn(xn)− F (xn)|+ |F (xn)|

<

√
2π

8
.

⊓⊔

Recall that

Snf(x) =
n∑

k=−n

f̂(k)e2πikx,

and

|f(x)− Snf(x)| =

∣∣∣∣∣
� 1

0

(
f(x+ t)− f(x)

)sin(π(2n+ 1)t
)

sin(πt)
dt

∣∣∣∣∣ .
Fix x and let Gx(t) =

f(x+t)−f(x)
sinπt . Notice that the function sin

(
π(2n + 1)t

)
has period

3
2n+1 as shown in the figure below. As n grows larger, we have more periods in the interval

[0, 1].

t
t = 1

(2n+1) t = 2
(2n+1) t = 3

(2n+1)

+1

−1

Figure 3. sin
(
π(2n+ 1)t

)
The rough idea is to let tk = 2k

2n+1 , we can write

[0, 1] =

(
n−1⋃
k=0

[
2k

2n+ 1
,
2k + 1

2n+ 1

))
∪
[

2n

2n+ 1
, 1

]

=

(
n−1⋃
k=0

[tk, tk+1)

)
∪ [tn, 1].

If we try to approximate by taking Gx(t) ≈ Gx(tk) on [tk, tk+1], and Gx(t) ≈ Gx(tn) on
[tn, 1], then

|f(x)− Snf(x)| ≤
n−1∑
k=0

∣∣∣∣� tk+1

tk

Gx(t) sin
(
π(2n+ 1)t

)
dt

∣∣∣∣+ ∣∣∣∣� 1

tn

Gx(t) sin
(
π(2n+ 1)t

)
dt

∣∣∣∣
≈

n−1∑
k=0

|Gx(tk)|
∣∣∣∣� tk+1

tk

sin
(
π(2n+ 1)t

)
dt

∣∣∣∣+ |Gx(tn)|
∣∣∣∣� 1

tn

sin
(
π(2n+ 1)t

)
dt

∣∣∣∣
≈ 0

by the fundamental theorem of calculus.

Remark 1.19. We can also use this approach to prove the Riemann-Lebesgue lemma.
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Another sketch of proof of the Riemann-Lebesgue Lemma.

f̂(n) =

� 1

0
f(t)e−2πintdt,

≤
∣∣∣∣� 1

0
f(t) sin(2πnt)dt

∣∣∣∣+ ∣∣∣∣� 1

0
f(t) cos(2πnt)dt

∣∣∣∣
Notice that ∣∣∣∣� 1

0
f(t) sin(2πnt)dt

∣∣∣∣ ≤ n−1∑
k=0

∣∣∣∣∣
� k+1

n

k
n

f(t) sin(2πnt)dt

∣∣∣∣∣
≈

n−1∑
k=0

|f( kn)|

∣∣∣∣∣
� k+1

n

k
n

sin(2πnt)dt

∣∣∣∣∣ ≈ 0.

Similarly treatment of the cos(2πnt) term proves the lemma. ⊓⊔

Theorem 1.20 (Dini’s Criterion). Let f ∈ L1
per([0, 1]) be defined at x ∈ [0, 1]. Suppose

∃ δ > 0 such that � δ

−δ

∣∣∣∣f(x+ t)− f(x)

t

∣∣∣∣ dt < ∞,

then

lim
n→∞

Snf(x) = f(x).

Proof. Notice

|Snf(x)− f(x)| =

∣∣∣∣∣
� 1

0

(
f(x+ t)− f(x)

)sin(π(2n+ 1)t
)

sinπt
dt

∣∣∣∣∣
≤

∣∣∣∣∣∣∣∣∣
(� δ

0
+

� 1

δ

)(
f(x+ t)− f(x)

)sin(π(2n+ 1)t
)

sinπt
dt︸ ︷︷ ︸

A

∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣
� 1−δ

δ

(
f(x+ t)− f(x)

)sin(π(2n+ 1)t
)

sinπt
dt︸ ︷︷ ︸

B

∣∣∣∣∣∣∣∣
where

A =

(� δ

0
+

� 1

δ

)
Gx(t) sin

(
π(2n+ 1)t

)
dt

=

(� δ

0
+

� 1

0

)
Gx(t)

2i
eiπ(2n+1)tdt−

(� δ

0
+

� 1

0

)
Gx(t)

2i
e−iπ(2n+1)tdt

=
̂

(
Gx

2i
χ[0,δ])(2n+ 1) +

̂
(
Gx

2i
χ[δ,1])(2n+ 1)

−
̂

(
Gx

2i
χ[0,δ])(−2n− 1)−

̂
(
Gx

2i
χ[δ,1])(−2n− 1)

which → 0 as n → ∞ by the Riemann-Lebesgue lemma. The L1 requirement of the can
be checked through the following.� 1

0

∣∣∣∣Gx(t)

2i
χ[0,δ](t)

∣∣∣∣ dt = 1

2

� δ

0

∣∣∣∣f(x+ t)− f(x)

sinπt

∣∣∣∣ dt
=

1

2

� δ

0

∣∣∣∣f(x+ t)− f(x)

t

∣∣∣∣ ∣∣∣∣ t

sinπt

∣∣∣∣ dt
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≤ 1

2

δ

sin(πδ)

� δ

0

∣∣∣∣f(x+ t)− f(x)

t

∣∣∣∣ dt < ∞,

and � 1

0

∣∣∣∣Gx(t)

2i
χ[δ,1](t)

∣∣∣∣ dt = � 1

δ

∣∣∣∣f(x+ t)− f(x)

sinπt

∣∣∣∣ dt
=

� 0

−δ

∣∣∣∣f(x+ t)− f(x)

sinπt

∣∣∣∣ dt < ∞.

Similarly, B → 0 by the Riemann-Lebesgue lemma, since� 1−δ

δ

∣∣∣∣f(x+ t)− f(x)

sinπt

∣∣∣∣ dt ≤ 1

sin(πδ)

� 1

0
|f(x+ t)− f(x)|dt

≤
∥f∥L1([0,1]) + |f(x)|

sin(πδ)
< ∞.

⊓⊔

Example 1.21. Examples of functions satisfying Dini condition:

(1) Hölder continuity near x: For some α ∈ (0, 1], there exists δ > 0 such that

|f(x+ t)− f(x)| < C|t|α, for |t| < δ.

(2) f is right and left differentiable at x.

(3) Let

f(t) =

{
1 if t ∈ Q \ Z
0 if t ∈ (R \Q) ∪ Z,

i.e. f(0) = 0, f(t) = 0 a.e.

Remark 1.22. Dini condition ̸⇒ continuity, and continuity ̸⇒ Dini condition.

Example 1.23. We can construct a periodic continuous function using

f(t) =

{
0 if t = 0,

1
ln(|t|) if 0 < |t| < 1.

Then, � δ

0

∣∣∣∣f(t+ 0)− f(0)

t

∣∣∣∣ dt = −
� δ

0

1

t ln(t)
dt = ∞

Definition 1.24. Define

Cper(R) =
{
f : R → C continuous, 1-periodic, ∥f∥Cper < ∞

}
with the norm

∥f∥Cper(R) = max
t∈[0,1]

|f(t)|.

Remark 1.25. Fix X = {xj}∞j=1 ⊆ [0, 1]. Let

D = {f ∈ Cper(R) : {Snf(t)}∞n=1 diverges for every t ∈ X} .
We claim that D is dense in Cper([0, 1]). To prove the claim, we need Baire Category
Theorem.

Theorem 1.26 (Baire Category Theorem). If M is a complete metric space, then the
countable intersection of open dense subsets is dense.

Definition 1.27. Recall: If M,N are normed vector spaces and T : M → N , then the
operator norm of T is

∥T∥op = sup
∥x∥M=1

∥T (x)∥N .
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Lemma 1.28. Let M be a Banach space. Let {Ti}∞i=1 : M → N be a countable family of
bounded linear maps with

sup
i∈N

∥Ti∥op = +∞.

Then,

R =

{
x ∈ M : sup

i∈N
∥Ti(x)∥N = +∞

}
is the countable intersection of open, dense subsets of M .

Proof. Clearly,

R =
∞⋂

m=1

{
x ∈ M : sup

i∈N
∥Ti(x)∥N > m

}
=

∞⋂
m=1

Rm

Claim: Each Rm is open and dense in M .

Openness: Homework.

Density: Let x ∈ Rc
m, so

sup
i∈N

∥Ti(x)∥N ≤ m.

Let ε > 0. Since supi∈N ∥Ti∥op = ∞, pick i such that

∥Ti∥op = sup
∥x∥M=1

∥Ti′(x)∥N >
4m

ε
.

Pick x′ ∈ M with ∥x′∥M = 1 such that ∥Ti′(x
′)∥N > 4m

ε . Let

x′′ = x+
ε

2
x′.

Then,

∥x− x′′∥M =
∥∥∥x−

(
x+

ε

2
x′
)∥∥∥

M

=
ε

2
∥x′∥M

=
ε

2
< ε.

Notice

∥Ti′(x
′′)∥N =

∥∥∥Ti′

( ε

2
x′
)
− Ti′(−x)

∥∥∥
N

≥ ε

2
∥Ti′(x

′)∥N − ∥Ti′(x)∥N

>
ε

2

(
4m

ε

)
−m = m.

Hence x′′ ∈ Rm, Rm is dense. ⊓⊔

Proposition 1.29. Fix x ∈ [0, 1]. Let Tn,x : Cper(R) → C be defined as

Tn,xf = Snf(x).

Then, for ∀x ∈ [0, 1],

sup
n∈N

∥Tn,x∥op = ∞.
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Proof. Step 1: Notice that

� 1

0

∣∣∣∣∣sin
(
π(2n+ 1)t

)
sin(πt)

∣∣∣∣∣ dt ≥
� 1

0

∣∣∣∣∣sin
(
π(2n+ 1)t

)
πt

∣∣∣∣∣ dt
Change variable u = (2n+ 1)t, then

=

� 2n+1

0

∣∣∣∣sin(πu)πu

∣∣∣∣ du ≥
n∑

k=0

� k+1

k

∣∣∣∣sin(πu)πu

∣∣∣∣ du
≥ 1

π

n∑
k=0

1

k + 1

� k+1

k
| sin(πu)|du

=
2

π

n∑
k=0

1

k + 1

which diverges as n → ∞.

Step 2: Assume there exists {fj}∞j=1 ⊆ Cper(R) with ∥fj∥Cper(R) = 1, such that

lim
j→∞

fj(x− t)
sin
(
π(2n+ 1)t

)
sin(πt)

=

∣∣∣∣∣sin
(
π(2n+ 1)t

)
sin(πt)

∣∣∣∣∣
pointwise for t ̸= k

2n+1 , k = 1, . . . , 2n. Then,

∥Tn,x∥op ≥ lim
j→∞

|Tn,xfj |

= lim
j→∞

� 1

0
fj(x− t)

sin
(
π(2n+ 1)t

)
sin(πt)

dt

=

� 1

0

∣∣∣∣∣sin
(
π(2n+ 1)t

)
sin(πt)

∣∣∣∣∣ dt
≥ 2

π

n∑
k=0

1

k + 1
.

So

sup
n∈N

∥Tn,x∥op = ∞.

Step 3: We now prove the assumption used in step 2.

Let

f̃j(t) = sgn

(
sin(π

(
2n+ 1)t

)
sin(πt)

)

=

(
sin(π

(
2n+ 1)t

)
sin(πt)

)/∣∣∣∣∣sin(π
(
2n+ 1)t

)
sin(πt)

∣∣∣∣∣ ∈ {±1}

for t ∈ Ij where

Ij =

[
0,

1

2n+ 1
− 1

j

)
∪

(
2n−1⋃
k=1

[
1

j
+

k

2n+ 1
,
k + 1

2n+ 1
− 1

j

))
are the intervals avoiding points t = k

2n+1 , and interpolate between them to define f̃j as
piecewise linear, i.e. for t ̸∈ Ij ,

f̃j(t) = line segment connecting f̃j

(
k

2n+ 1
− 1

j

)
and f̃j

(
1

j
+

k

2n+ 1

)
.
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So for t ̸= 1
2n+1 , . . . ,

2n
2n+1 ,

lim
j→∞

f̃j(t) = sgn

(
sin(π

(
2n+ 1)t

)
sin(πt)

)
.

Then set

fj(t) = f̃j(x− t).

So

fj(x− t) = f̃j
(
x− (x− t)

)
= f̃j(t).

Thus

lim
j→∞

fj(x− t)
sin
(
π(2n+ 1)t

)
sin(πt)

= sgn

(
sin(π

(
2n+ 1)t

)
sin(πt)

)
sin
(
π(2n+ 1)t

)
sin(πt)

=

∣∣∣∣∣sin
(
π(2n+ 1)t

)
sin(πt)

∣∣∣∣∣
for t ̸= 1

2n+1 , . . . ,
2n

2n+1 . ⊓⊔

We now proceed to prove our previous claim.

Theorem 1.30. Fix X = {xj}∞j=1 ⊆ [0, 1]. Let

D = {f ∈ Cper(R) : {Snf(t)}∞n=1 diverges for every t ∈ X} .

Then D is dense in Cper([0, 1]).

Proof. Note that

|Snf(x)| ≤
� 1

0
|f(x+ t)|

∣∣∣∣∣sin
(
π(2n+ 1)t

)
sin(πt)

∣∣∣∣∣ dt
≤ ∥f∥Cper(R)(2n+ 1).

Hence,

∥Tn,x∥op ≤ 2n+ 1.

Since for all x ∈ [0, 1], supn∈N ∥Tn,x∥op = ∞,

Rx =

{
f ∈ Cper(R) : sup

n∈N
|Tn,xf | = ∞

}
is the countable intersection of open dense subsets of Cper(R). Finally, write

Rxj =

∞⋂
m=1

(Rxj )m,

as an countable intersection of open dense subsets of Cper(R). Then,
∞⋂
j=1

Rxj =

∞⋂
j=1

∞⋂
m=1

(Rxj )m

is dense in Cper(R) by the Baire category theorem. ⊓⊔

To prove Jordan’s Theorem, we introduce the following key tool:
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Lemma 1.31 (Bonnet’s Mean Value Theorem). Let f ∈ C([a, b]) and g ≥ 0 be increasing
on [a, b]. Then there exists c ∈ (a, b) such that� b

a
f(x)g(x) dx = g(b)

� b

a
f(x) dx.

Theorem 1.32 (Jordan’s Theorem). Let x ∈ [0, 1] and assume f ∈ L1
per(0, 1) is monotone

near x. Then

lim
n→∞

Snf(x) =
f(x+) + f(x−)

2
,

where

f(x+) = lim
t→x+

f(t), f(x−) = lim
t→x−

f(t).

Proof. Note that

Snf(x) =

� 1
2

− 1
2

f(x− t)
sin
(
π(2n+ 1)t

)
sin(πt)

dt.

Let u = −t, du = −dt,

Snf(x) =

� 1
2

− 1
2

f(x+ u)
sin
(
π(2n+ 1)u

)
sin(πu)

du.

Summing the above together yields

Snf(x) =
1

2

� 1
2

− 1
2

[f(x+ t) + f(x− t)]
sin
(
π(2n+ 1)t

)
sin(πt)

dt.

Since the integrand is even,

=

� 1
2

0
[f(x+ t) + f(x− t)]

sin
(
π(2n+ 1)t

)
sin(πt)

dt.

Then it’s enough to prove:

(A)

lim
n→∞

� 1
2

0
f(x+ t)

sin
(
π(2n+ 1)t

)
sin(πt)

dt =
f(x+)

2
,

(B)

lim
n→∞

� 1
2

0
f(x− t)

sin
(
π(2n+ 1)t

)
sin(πt)

dt =
f(x−)

2
.

(A): Let g(t) = f(x+ t). So need to show

lim
n→∞

� 1
2

0
g(t)

sin
(
π(2n+ 1)t

)
sin(πt)

dt =
g(0+)

2
.

Recall that � 1
2

0

sin
(
π(2n+ 1)t

)
sin(πt)

dt =
1

2

� 1

0

sin
(
π(2n+ 1)t

)
sin(πt)

dt =
1

2
.

So
g(0+)

2
=

� 1
2

0
g(0+)

sin
(
π(2n+ 1)t

)
sin(πt)

dt.

Hence, it suffices to show that

lim
n→∞

� 1
2

0

(
g(t)− g(0+)

)sin(π(2n+ 1)t
)

sin(πt)
dt︸ ︷︷ ︸

(∗)

= 0.
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Let ε > 0, pick δ > 0 such that g increasing on [0, δ], and |g(t)− g(0+)| < ε if 0 < t ≤ δ.
We can write (∗) as � 1

2

0
=

� δ

0
+

� 1
2

δ
.

First integral: Let

g̃(t) =

{
0 t = 0,

g(t)− g(0+) t ∈ (0, δ].

By Bonnet’s Mean Value Theorem, there exists c = c(n, δ) ∈ (0, δ) such that∣∣∣∣∣
� δ

0
g̃(t)

sin
(
π(2n+ 1)t

)
sin(πt)

dt

∣∣∣∣∣
≤ |g̃(δ)|

∣∣∣∣∣
� δ

c

sin
(
π(2n+ 1)t

)
sin(πt)

dt

∣∣∣∣∣
< ε

∣∣∣∣∣
� δ

c

sin
(
π(2n+ 1)t

)
sin(πt)

dt

∣∣∣∣∣ .
If we take the supremum over all c and δ, the integral is still bounded, so there exists a
constant C such that ∣∣∣∣∣

� δ

0
g̃(t)

sin
(
π(2n+ 1)t

)
sin(πt)

dt

∣∣∣∣∣ < Cε.

Second integral:� 1

0

(
g(t)− g(0+)

)
χ[δ, 1

2
]

sin
(
π(2n+ 1)t

)
sin(πt)

dt → 0 as n → ∞

by the Riemann-Lebesgue lemma (similar to proof of Dini’s Criterion).

(B): Similar to (A), homework. ⊓⊔

Definition 1.33. Let f : (a, b) → C, x ∈ (a, b). Define

f ′(x+) = lim
s→x+

f(s)− f(x+)

s− x
,

f ′(x−) = lim
s→x−

f(s)− f(x−)

s− x
.

Theorem 1.34 (Dirichlet’s Theorem). Let f : [0, 1] → C, f ∈ L1
per([0, 1]), and x ∈ [0, 1].

Suppose f ′(x+) and f ′(x−) exist. Then

lim
n→∞

Snf(x) =
f(x+) + f(x−)

2
.

Proof. Homework! ⊓⊔

Example 1.35. Construct a 1-periodic function from

f(x) =

{
1− 2x on (0, 1),

0 if x = 0, 1.

Then clearly, f(0+) = −1 = f(0−) and

f(0+) + f(0−)

2
= 0.

Hence the Fourier series 2
π

∑∞
k=1

sin(2kπx)
k converges to 0 when x = 0 by Jordan’s theorem

(which doesn’t really tell us much since sin 0 = 0).
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Example 1.36. Construct a 1-periodic function from

f(x) = x(1− x).

Then f ′(0+) = 1, f ′(0−) = −1, and

f(0+) + f(0−)

2
= 0.

Hence, its Fourier series

1

6
− 1

π

∞∑
k=1

cos(2kπx)

k2
.

converges to 0 when x = 0, yielding a surprising result:

∞∑
k=1

1

k2
=

π2

6
.

1.3. Summability methods. General philosophy: average!

Example 1.37. If limn→∞ xn = x, then

lim
N→∞

1

N

N−1∑
n=0

xn = x.

Proof. We have ∣∣∣∣∣
(

1

N

N−1∑
n=0

xn

)
− x

∣∣∣∣∣ = 1

N

N−1∑
n=0

|xn − x|

≤ 1

N

N−1∑
n=0

|xn − x|.

Let ε > 0, pick M such that for n > M ,

|xn − x| < ε

2
.

Then, for some constant C,

1

N

N−1∑
n=0

|xn − x| = 1

N

M∑
n=0

|xn − x|+ 1

N

N−1∑
n=M+1

|xn − x|

≤ C(M + 1)

N
+

1

N

N−1∑
n=M+1

ε

2

=
C(M + 1)

N
+

ε

2N

N−1∑
n=M+1

1

≤ C(M + 1)

N
+

ε

2
< ε

for N > max
{
M + 1, ε

2CM

}
. ⊓⊔

Remark 1.38. The converse is false. A counterexample could be xn = (−1)n+1, then

N−1∑
n=0

xn =

{
−1 if N is even,

0 if N is odd.

Then, limN→∞
1
N

∑∞
n=0 xn = 0, while limn→∞ xn does not exist.
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Definition 1.39. Define

σN (f)(x) =
1

N

N−1∑
n=0

Sn(f)(x)

=
1

N

N−1∑
n=0

[� 1

0
f(x− t)

sin
(
π(2n+ 1)t

)
sin(πt)

dt

]

=

� 1

0
f(x− t)

[
1

N

N−1∑
n=0

sin
(
π(2n+ 1)t

)
sin(πt)

]
dt

=

� 1

0
f(x− t)FN (t)dt.

where the Fejér kernel is

FN (t) =
1

N

N−1∑
n=0

sin
(
π(2n+ 1)t

)
sin(πt)

.

Remark 1.40. Notice that

N−1∑
n=0

sin
(
π(2n+ 1)t

)
= Im

N−1∑
n=0

eiπ(2n+1)t

= Im

[
eiπt

N−1∑
n=0

(e2πit)n

]

= Im

[
eiπt

(
1− e2πiNt

1− e2πit

)]

= Im

[
e−πiNt

(
e−πiNt − eπiNt

e−iπt − eiπt

)]
=

sin(πNt) sin(πNt)

sin(πt)
.

So,

FN (t) =
1

N

(
sin(Nπt)

sin(πt)

)2

≥ 0.

Fn(t) has the following key properties:

(1) � 1

0
|FN (t)|dt =

� 1

0
FN (t)dt

=
1

N

N−1∑
n=0

� 1

0
Dn(t)dt = 1.

In contrast,
� 1
0 |DN (t)|dt ≥ C

∑N
k=1

1
k . Then, we can compute

|f(x)− σN (f)(x)| =
∣∣∣∣� 1

0

(
f(x)− f(x− t)

)
FN (t)dt

∣∣∣∣
≤
� 1

0
|f(x)− f(x− t)|FN (t)dt.
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(2) Let δ > 0, then
� 1−δ

δ
FN (t)dt =

1

N

� 1−δ

δ

(
sin(Nπt)

sin(πt)

)2

dt

≤ 1

N sin2(δπ)
→ 0 as N → ∞.

Theorem 1.41. Let {FN}N∈N ∈ L1([0, 1]) be a sequence of functions such that FN ≥ 0,
∀N ∈ N and satisfy

(i)
� 1
0 FN (t)dt = 1,

(ii) For all δ > 0, lim
N→∞

� 1−δ

δ
FN (t)dt = 0.

Then,

(A) For all p ∈ (1,∞), f ∈ Lp([0, 1]), we have

lim
N→∞

(f ∗ FN )(x) = f(x) in Lp([0, 1]).

(B) If f ∈ Cper([0, 1]), then

lim
N→∞

f ∗ FN = f uniformly on [0, 1].

Proof. (A): Extend f periodically on R, notice that

f(x) =

� 1

0
f(x)FN (t)dt.

Then,

|(f ∗ FN )(x)− f(x)| =
∣∣∣∣� 1

0

(
f(x− t)− f(x)

)
FN (t)dt

∣∣∣∣
≤
� 1

0
|f(x− t)− f(x)|FN (t)dt.

By Hölder’s inequality, for 1
p + 1

p′ = 1,

� 1

0
|f(x− t)− f(x)|FN (t)dt =

� 1

0
|f(x− t)− f(x)|

(
FN (t)

) 1
p
(
FN (t)

) 1
p′ dt

≤
(� 1

0
|f(x− t)− f(x)|pFN (t)dt

) 1
p
(� 1

0
FN (t)dt

) 1
p′

=

(� 1

0
|f(x− t)− f(x)|pFN (t)dt

) 1
p

.

Thus, � 1

0
|(f ∗ FN )(x)− f(x)|pdx ≤

� 1

0

(� 1

0
|f(x− t)− f(x)|pFN (t)dt

)
dx.

By Fubini’s theorem,

=

� 1

0

(� 1

0
FN (t)|f(x− t)− f(x)|pdx

)
dt.

Let ε > 0. Pick δ > 0 such that |t| ≤ δ yields� 1

0
|f(x− t)− f(x)|pdx <

ε

2
.
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We can decompose
� 1
0

(� 1
0 |f(x− t)− f(x)|pFN (t)dt

)
dx as(� 1−δ

δ
+

(� δ

0
+

� 1

1−δ

))(� 1

0
|f(x− t)− f(x)|pdx

)
FN (t)dt.

Call these terms I and II.

For II:

II =

(� δ

0
+

� 1

1−δ

)(� 1

0
|f(x− t)− f(x)|pdx

)
FN (t)dt

=

(� δ

0
+

� 0

−δ

)(� 1

0
|f(x− t)− f(x)|pdx

)
FN (t)dt

< ε

� 1

0
FN (t)dt

= 2ε.

Notice that for 1
p + 1

p′ = 1,

|a− b|p ≤ (|a|+ |b|)p

≤
(
(|a|p + |b|p)

1
p (1p

′
+ 1p

′
)

1
p′
)p

= 2
p
p′ (|a|p + |b|p).

Hence we have, by setting a = f(x− t)and b = f(x), for I:

I ≤ 2
p
p′

� 1−δ

δ

� 1

0
(|f(x− t)|p + |f(x)|p) dxFN (t)dt.

= 2
p
p′+1∥f∥pLp([0,1])

� 1−δ

δ
FN (t)dt → 0

which → 0 as N → ∞. Hence,

lim sup
N→∞

� 1

0
|(f ∗ FN )(x)− f(x)|pdx ≤ ε.

Since ε is arbitrary, we conclude that

lim
N→∞

� 1

0
|(f ∗ FN )(x)− f(x)|pdx = 0.

(B): Homework! Hint: Use

|f ∗ FN (x)− f(x)| ≤
� 1

0
|f(x− t)− f(x)|FN (t)dt.

⊓⊔

Corollary 1.42 (Fejér’s Theorem). We have the following:

(A) If f ∈ Lp([0, 1]), 1 < p < ∞, then

lim
N→∞

σNf = f in Lp([0, 1]).

(B) If f ∈ Cper([0, 1]), then

lim
N→∞

σNf = f uniformly on [0, 1].

Proof. Notice

σNf(x) =

� 1

0
f(x− t)

[
1

N

(
sinNπt

sinπt

)2
]
dt

= (f ∗ FN )(x),

and FN satisfies (i) and (ii) of the previous theorem. ⊓⊔
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Fejér’s Theorem has the following deep consequence:

Theorem 1.43. {ek}k∈Z =
{
e2πikx

}
k∈Z is an orthonormal basis of L2([0, 1]).

Proof. Since

⟨em, en⟩L2([0,1]) =

� 1

0
e2πimxe2πinx dx

=

� 1

0
e2πi(m−n)x dx

=

{
1 if m = n,

0 if m ̸= n.

So {ek}k∈Z is orthonormal in L2([0, 1]). Recall from functional analysis that {ek}k∈Z is an
orthonormal basis if and only if S = span{ek}k∈Z is dense. For f ∈ C([0, 1]),

σNf(x) =
1

N

N−1∑
n=0

Snf(x)

=
1

N

N−1∑
n=0

(
n∑

k=−n

f̂(k)e2πikx

)
= S,

and σNf → f in L2([0, 1]). So S is dense in L2([0, 1]). ⊓⊔

Corollary 1.44. We then have the following

(1) If f ∈ L2([0, 1]), then

f(x) =

∞∑
k=−∞

f̂(k)e2πikx

in L2([0, 1]).

(2)

∥f∥2L2([0,1]) =

∞∑
k=−∞

|f̂(k)|2,

and the map

f 7→ {f̂(k)}k∈Z
is an isometric isomorphism from L2([0, 1]) to ℓ2(Z).

Proof. (1): Notice that

f(x) =

∞∑
k=−∞

⟨f, ek⟩ek(x)

=
∞∑

k=−∞
f̂(k)e2πikx

in L2([0, 1]).

(2): Use the fact that ⟨f, ek⟩L2([0,1]) = f̂(k) ⊓⊔

Remark 1.45. Let {FN}N∈N ∈ L1(Rd) be a sequence of functions such that FN ≥ 0,
∀N ∈ N and satisfy

(i)
�
Rd FN (x)dx = 1,
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(ii) For all δ > 0, lim
N→∞

�
|x|>δ

FN (x)dx = 0.

then

(A) f ∗ FN → f in Lp(Rd), 1 < p < ∞.

(B) If f ∈ C(Rd) is bounded, S ⊆ Rd compact, then f ∗ FN → f uniformly in S.

1.4. Lp convergence of Fourier Series.

Proposition 1.46. SN : Lp
per([0, 1]) → Lp

per([0, 1]) satisfies

∥SN∥op ≤ 2N + 1.

Proof. Notice that

|SNf(x)| ≤
� 1

0
|f(x− t)||DN (t)| dt

where |DN (t)| =
∣∣∣∑N

k=−N e2πikx
∣∣∣, so

|SNf(x)| ≤ (2N + 1)

� 1

0
|f(x− t)| dt

≤ (2N + 1)

(� 1

0
|f(x− t)|p dt

) 1
p

≤ (2N + 1)∥f∥Lp
per([0,1])

.

⊓⊔

Theorem 1.47 (Uniform Boundedness Principle). Let X be a Banach space, Y be a
normed vector space, and {TN} ⊆ B(X,Y ). If

sup
N

∥TN (x)∥Y < ∞ for each x ∈ X,

then

sup
N

∥TN∥op < ∞.

Lemma 1.48. Let 1 ≤ p < ∞, the following are equivalent:

(1) limN→∞ ∥SNf − f∥Lp
per([0,1])

= 0 for any f ∈ Lp
per([0, 1]).

(2) supN ∥SN∥op = Cp < ∞.

Proof. (1) =⇒ (2) : We have X = Y = Lp
per([0, 1]), SN ∈ B(Lp

per([0, 1])). For f ∈
Lp
per([0, 1]), pick M = M(f) such that N ≥ M implies

∥SNf − f∥Lp
per([0,1])

≤ 1.

Then, for 1 ≤ N < M ,

∥SNf∥Lp
per([0,1])

≤ (2N + 1)∥f∥Lp
per([0,1])

≤ (2M + 1)∥f∥Lp
per([0,1])

.

For N ≥ M ,

∥SNf∥Lp
per([0,1])

≤ ∥SNf − f∥Lp
per([0,1])

+ ∥f∥Lp
per([0,1])

≤ 1 + ∥f∥Lp
per([0,1])

.

Thus,

sup
N

∥Snf∥Lp
per([0,1])

≤ max
{
(2N + 1)∥f∥Lp

per([0,1])
, 1 + ∥f∥Lp

per([0,1])

}
< ∞.



NOTES ON HARMONIC ANALYSIS 25

Thus, by the Uniform Boundedness Principle,

sup
N

∥SN∥op < ∞.

(2) =⇒ (1) : By Fejér’s theorem, S = span
{
e2πikx

}
k∈Zis dense in Lp

per([0, 1]). Let ε > 0,
pick g ∈ S such that

∥f − g∥Lp
per([0,1])

< ε.

If

g(x) =
n∑

l=−n

cle
2πilx,

we have

SNg(x) =
N∑

k=−N

ĝ(k)e2πikx,

where

ĝ(k) =

n∑
l=−n

cl

� 1

0
e2πi(l−k)x dx

=

{
ck if − n ≤ k ≤ n,

0 if |k| > n.

Thus, for N > n,

SNg(x) =
n∑

k=−n

cke
2πikx = g(x).

Then
∥SNf − f∥Lp

per([0,1])
≤ ∥SN (f − g)∥Lp

per([0,1])
+ ∥SNg − f∥Lp

per([0,1])

≤ ∥Sn∥op∥g − f∥Lp
per([0,1])

+ ∥g − f∥Lp
per([0,1])

< (Cp + 1)ε.

Therefore, limN→∞ ∥SNf − f∥Lp
per([0,1])

= 0. ⊓⊔

1.5. Fourier Transform. Here we start by giving a non-rigorous intuition of the Fourier
transform as a limit of Fourier series. Clearly,�

R
|f(x)|2 dx = lim

l→∞

� l

−l
|f(x)|2 dx.

Check that (homework!) if

ek(x) =
e

πikx
L

√
2l

,

then {ek} is an orthonormal basis for L2([−l, l]). Thus,

� l

−l
|f(x)|2 dx =

∞∑
k=−∞

∣∣∣∣∣∣∣∣∣∣
1√
2l

� l

−l
f(x)e−

πikx
l dx︸ ︷︷ ︸

ck=⟨f,ek⟩L2([−L,L])

∣∣∣∣∣∣∣∣∣∣

2

.

Informally, assume l is infinity gives

1

2l

∞∑
k=−∞

∣∣∣∣�
R
f(x)e−2πi k

2l
xdx

∣∣∣∣2 dx.
Let

f̂(ξ) =

� ∞

−∞
f(x)e−2πiξxdx,
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and

ξk =
k

2l
, ∆ξ = ξk − ξk−1 =

1

2l
.

Then,

1

2l

∞∑
k=−∞

∣∣∣∣�
R
f(x)e−2πi k

2l
xdx

∣∣∣∣2 dx =
∞∑

k=−∞

∣∣∣f̂(ξk)∣∣∣2∆x

which is a Riemann sum that converges to
�∞
−∞ |f̂(ξ)|2dx as l → ∞. Hence, intuitively,

we expect the Fourier transform to be an isometry on L2.

For the Fourier inversion: For f ∈ L2(R), let x ∈ R, l > |x|, define

fl(x) = f(x)χ[−l,l](x) = f(x) ∈ L2([−l, l]).

Then

fl(x) =

∞∑
k=−∞

⟨f, ek⟩L2([−l,l])
e

πikx
l

√
2l

=
∞∑

k=−∞

(
1√
2l

� l

−l
f(t)e−

πikt
l dt

)
e

2πikx
2l

√
2l

.

Assume l = ∞ as before then we have

1

2l

∞∑
k=−∞

f̂(ξk)e
(2πiξk)x

=

∞∑
k=−∞

f̂(ξk)e
(2πiξk)x∆ξ

which converges to
�∞
−∞ f̂(ξ)e2πiξxdx as l → ∞.

Notice that by writing ξ = −x,

F−1(x) = f̆(x) = f̂(−x) =

� ∞

−∞
f(u)e2πiuxdu,

F−1(f̂)(x) = f(x).

Lemma 1.49. If f(x) = e−π|x|2, then f̂(ξ) = e−π|ξ|2.

Proof. In Rn,

f̂(ξ) =

�
Rn

e−π|x|2e−2πiξ·x dx

=

�
Rn

n∏
j=1

e−πx2
j e−2πiξjxj dx1 · · · dxn

=

(�
R
e−πx2

1e−2πiξ1x1 dx1

)
· · ·
(�

R
e−πx2

ne−2πiξnxn dxn

)
.

Assume the lemma holds for n = 1, then,

f̂(ξ) = e−πξ21 · · · e−πξ2n

= e−π|ξ|2 .

We now prove the case for n = 1, let f(z) = e−πz2 , by complex analysis, using the following
contour Γ,

0 =

�
Γ
f(z) dz.
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R−R

−R+ ix R+ ixix

Γ

Figure 4. Contour Γ

Taking R → ∞, we have

lim
R→∞

� R

−R
e−π(t+ix)2 dt = 1

= eπx
2
lim

R→∞

� R

−R
e−πt2e−2πixt dt

= eπx
2
f̂(x).

Therefore, we proved the case where n = 1, i.e. f̂(ξ) = e−πξ2 . ⊓⊔

Remark 1.50. If fλ(x) = f
(
x
λ

)
, then

f̂λ(ξ) =

�
Rn

f
(x
λ

)
e−2πiξ·x dx.

By substitution,

f̂λ(ξ) = λn

�
Rn

f(x)e−2πi(λξ)·x dx

= λnf̂(λξ).

Thus, if gλ(x) = e−
π
λ
|x|2 , then

ĝλ(ξ) = λ
n
2 ĝ1(

√
λξ)

= λ
n
2 e−πλ|ξ|2 .

Remark 1.51. Assume F (x) ≥ 0 such that
�
Rn F (x) dx = 1. For λ > 0, let

Fλ(x) = λn F (λx).

Then, by substitution, �
Rn

Fλ(x) dx = 1.

One can check that (similar to the proof of Fejér’s theorem)

f ∗ Fλ −−−→
λ→∞

f in Lp(Rn),

where

f ∗ Fλ(x) =

�
Rn

f(x− y)Fλ(y) dy.

Theorem 1.52 (Parseval’s theorem and Fourier Inversion). Our immediate goals are, for
f ∈ L1(R) ∩ L2(R),

(1) ∥f∥L2(R) = ∥f̂∥L2(R)

(2) f(x) =
�∞
−∞ f̂(ξ)e2πiξxdξ, F−1(f̂(x)) a.e.
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Proof. (1): By Monotone Convergence Theorem,�
Rn

|f̂(ξ)|2 dξ = lim
j→∞

�
Rn

|f(u)|2e−
π
j
|u|2

du

Since ∣∣∣f̂(u)∣∣∣2 = f̂(u)f̂(u),

we have �
Rn

|f(u)|2e−
π
j
|u|2

du =

�
R3n

f(x)f(y)e
−π

j
|u|2

e−2πi(x−y)·u dx dy du

=

�
R2n

f(x)f(y)

(�
R
e
−π

j
|u|2

e−2πi(x−y)·u du

)
dx dy

= j
n
2

�
R2n

f(x)f(y)e−πj|x−y|2 dx dy

=

�
Rn

f(x)

(
j

n
2

�
Rn

f(y)e−πj|x−y|2 dy

)
dx

=

�
Rn

f(x)(f ∗ F√
j)(x) dx.

As j → ∞, we obtain

lim
j→∞

�
Rn

|f(u)|2e−
π
j
|u|2

du =

�
Rn

|f(x)|2 dx.

(2): Let

gj(x) = e
−π

j
|x|2

,

then
ĝj(x) = jn/2e−πj|x|2 .

Therefore,

ĝj(x− y) = jn/2e−πj|x−y|2

= F√
j(x− y).

Since f ∗ F√
j → f in L2(Rn), as j → ∞, pick a subsequence {jk} that converges a.e. So

for a.e. x ∈ Rn,

f(x) = lim
k→∞

�
Rn

f(y)F√
jk
(x− y) dy.

Notice that �
Rn

f(y)F√
jk
(x− y) dy =

�
Rn

f(y)

(�
Rn

gjk(u)e
2πi(x−y)·u du

)
dy

=

�
Rn

gjk(u)

(�
Rn

f(y)e2πi(−u)y dy

)
e2πix·udu

=

�
Rn

gjk(u)f̂(u)e
2πix·udu

= F(gjk f̂)(−x).

Finally, by dominated convergence theorem,

gjk f̂ → f̂ in L2(Rn),

because
|gjk f̂ − f̂ |2 ≤ (|gjk f̂ |+ |f̂ |)2

≤ (2|f̂ |)2 = 4|f̂ |2.
Therefore,

lim
k→∞

�
Rn

∣∣∣F(gjk f̂)(−x)−F(f̂)(−x)
∣∣∣2 dx = lim

k→∞

�
Rn

∣∣∣F [(gjk f̂)(x)− f̂(x)
]∣∣∣2 dx.
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Since F : L2(Rn) → L2(Rn) is isometric,

= lim
k→∞

�
Rn

∣∣∣gjk f̂(x)− f̂(x)
∣∣∣2 dx = 0.

⊓⊔

1.6. Fourier Transform on L2.

Lemma 1.53. Let T : X → Y , where Y is a Banach space. Suppose T |U → Y is
isometric, where U ⊆ X is a dense subspace. Then T uniquely extends to an isometry
T : X → Y .

Proof. Let x ∈ X and {xk} ⊆ U with xk → x. Then,

∥Txk − Txm∥Y = ∥T (xk − xm)∥Y

= ∥xk − xm∥X
Hence, {Txk} is Cauchy. Let

T̃ x = lim
k→∞

Txk.

To complete the proof, one checks the following claims

(1) T̃ x is independent of {xk} converging to x.

(2) T̃ : X → Y is a linear isometry.

(3) T̃ x = Tx if x ∈ U .

(4) T̃ is the unique linear isometry satisfying (3).

⊓⊔

Definition 1.54. For Fourier transform in L2, we have X = Y = L2(Rn), T = F ,
U = L1 ∩ L2. If f ∈ L2(Rn) define its Fourier transform as

f̂ = lim
k→∞

f̂k

for any {fk} ⊆ L1 ∩ L2 where fk → f in L2(Rn).

Also define the inverse Fourier transform

f̆(x) = f̂(−x).

Proposition 1.55. Note that

(1) ∥f̂∥L2(Rn) = ∥f̆∥L2(Rn) = ∥f∥L2(Rn).

(2) f = F−1(f̂) a.e.

Proof. (2): Notice that as k → ∞,

fk = (f̂k)
∨ → (f̂)∨

and

fk → f,

so f = (f̂)∨ a.e. ⊓⊔

Remark 1.56. Conclusion: F : L2(Rn) → L2(Rn) is unitary.
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Example 1.57. Let f ∈ C∞
0 (R), then

F(f ′)(ξ) = lim
R→∞

� R

−R
f ′(x)e−2πiξxdx

= lim
R→∞

[
e−2πiξxf(x)

∣∣∣R
−R

− (2πiξ)

� R

−R
f ′(x)e−2πiξxdx

]
= 2πiξf̂(ξ).

Similarly, if f ∈ C∞
0 (Rn), α ∈ Nn

≥0,

F (∂αf) (ξ) = (2πi)|α|ξαf̂(ξ).

Example 1.58. The Fourier transform of the laplacian is

F(∆f)(ξ) =

n∑
j=1

∂̂2f

∂x2j
= −4π2

n∑
j=1

ξ2j f̂(x) = −4π2|ξ|2f̂(ξ).

Proposition 1.59. û ∗ v = û v̂.

Proof. Homework! ⊓⊔

Example 1.60. To solve −∆u+ u = f , we start by taking the Fourier transform

4π2|x|2û(ξ) + û(ξ) = f̂(ξ).

Then, one can solve that

û(ξ) =
1

4π2

(
f̂(ξ)

1 + 1
4π2 |ξ|2

)

u = F−1

(
1

4π2

(
f̂(ξ)

1 + 1
4π2 |ξ|2

))
.

Set the Bessel potential B = F−1

(
1

1+ 1
4π2 |ξ|2

)
. Then B̂ = 1

1+ 1
4π2 |ξ|2

, so

u(x) =
1

4π2
F−1

(
f̂ B̂
)

=
1

4π2
F−1(f̂ ∗B)

=
1

4π2
(f ∗B).

One can check that this equals

u(x) =
1

(4π)n/2

� ∞

0

�
Rn

e−t− |x−y|2
4t

tn/2
f(y) dy dt.

1.7. Fourier Transform on Lp, 1 < p ≤ 2. Notice that for f ∈ Lp([0, 1]), 1 ≤ p ≤
∞

|f̂(ξ)| =
∣∣∣∣� 1

0
f(x)e−2πiξxdx

∣∣∣∣
≤
� 1

0
|f(x)|dx

≤ ∥f∥Lp([0,1]).

In order to define Fourier transform f̂(x) for f ∈ Lp(Rn), 1 < p, q < ∞, we need the
following

(1) Prove ∥f̂∥Lq(Rn) ≤ Cp,q∥f∥Lp(Rn), for f ∈ L1 ∩ Lp.
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(2) Define f̂ = limn→∞ f̂n, where fn ∈ L1 ∩ Lp, fn → f in Lp, so f̂ ∈ Lq.

Remark 1.61. Important: If (1) is true, then q = p′ = p
p−1 . Why? Scaling argument!

Proof. Recall: If fλ(x) = f
(
x
λ

)
then

f̂λ(ξ) =

�
Rn

f
(x
λ

)
e−2πi(ξ·x)dx

= λn

�
Rn

f(x)e−2πi(λξ)·xdx

= λnf̂(λξ),

so
f̂(λξ) = λ−nf̂λ(ξ).

Therefore, assuming (1) is true, f ∈ L1 ∩ Lp,[�
Rn

|f̂λ(ξ)|qdξ
]1/q

=

[�
Rn

|λnf̂(λξ)|qdξ
]1/q

= λn/q

[�
Rn

|λ−nf̂λ(ξ)|qdξ
]1/q

= λ
n
(

1
q
−1

)
∥f̂λ∥Lq

≤ Cp,qλ
n
(

1
q
−1

)
∥fλ∥Lp

= Cp,qλ
n
(

1
q
−1

) [�
Rn

∣∣∣f (x
λ

)∣∣∣p dx] 1
p

= Cp,qλ
n
(

1
q
−1

)
λ

n
p

[�
Rn

|f (x)|p dx
] 1

p

.

Let −1 + 1
p = 1

p′ , we conclude that for any f ∈ L1 ∩ Lp,

∥f̂∥Lq ≤ Cp,qλ
n
(

1
q
− 1

p′

)
∥f∥Lp .

Assume q < p′, let λ → 0+, then ∥f̂∥Lq ≤ 0, which implies f̂ ≡ 0 a.e. for all f ∈ L1 ∩ Lp.

Similarly, if q > p′, let λ → ∞, we have f̂ ≡ 0 a.e. So q ̸= p′ implies f̂ ≡ 0 a.e. Absurd!

(example: f(x) = e−π|x|2 = f̂(x)).

Therefore, if (1) is true then q = p′. ⊓⊔

Remark 1.62. (1) is false if p > 2.

Proposition 1.63. If p is between p0 and p1, with p0 ̸= p1, and f ∈ Lp0 ∩ Lp1, then
f ∈ Lp.

Proof. Without loss of generality, assume p0 < p < p1 < ∞, let

θ =

1
p0

− 1
p

1
p0

− 1
p1

∈ (0, 1).

So
1

p
=

1− θ

p0
+

θ

p1
,

1 =
(1− θ)p

p0
+

θp

p1
.

Then �
Rn

|f(x)|pdx =

�
Rn

|f(x)|(1−θ)p|f(x)|θpdx.
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≤
[�

Rn

|f(x)|p0dx
] (1−θ)p

p0

[�
Rn

|f(x)|p1dx
] θp

p1

.

Thus, [�
Rn

|f(x)|pdx
] 1

p

≤
[�

Rn

|f(x)|p0dx
] 1−θ

p0

[�
Rn

|f(x)|p1dx
] θ

p1

.

So

∥f∥Lp ≤ ∥f∥1−θ
Lp0 ∥f∥θLp1 .

The case where p1 = ∞ is left as homework. ⊓⊔

Definition 1.64. Let

F = {f : f simple, has finite measure support} ⊆
⋂
p>0

Lp(Rn).

Let M be the set of measurable functions on Rn.

Theorem 1.65 (Riesz-Thorin Interpolation). Let 0 < p0, p1 ≤ ∞, 1 ≤ q0, q1 ≤ ∞. Fix
0 < θ < 1, and let

1

pθ
=

1− θ

p0
+

θ

p1
,

1

qθ
=

1− θ

q0
+

θ

q1
.

Let T : F → M be a linear operator such that (Tf) · g ∈ L1 for f, g ∈ F , and satisfies

∥Tf∥Lq0 ≤ A0∥f∥Lp0 , ∥Tf∥Lq1 ≤ A1∥f∥Lp1 , ∀f ∈ F.

Then for all such f ,

∥Tf∥Lqθ ≤ A1−θ
0 Aθ

1∥f∥Lpθ .

Proof. Surprisingly, the proof follows from the Maximum Modulus Principle. See A. ⊓⊔

Theorem 1.66 (Hausdorff-Young Inequality). If 1 < p ≤ 2 then F uniquely extends from
L1 ∩ Lp to Lp with

∥f̂∥Lp′ (Rn) ≤ ∥f∥Lp(Rn).

where 1
p + 1

p′ = 1.

Proof. Key tool: interpolation! Let q0 = p0 = 2, p1 = 1, q1 = ∞. Let T = F . Then, for
f ∈ F , f ∈ L1 ∩ L2, we have

∥f̂∥Lq0 = ∥f̂∥L2 = ∥f∥L2 = ∥f∥Lp0 ,

and

∥f̂∥Lq1 = ∥f̂∥L∞

=

∥∥∥∥�
Rn

f(x)e−2πiξ·x dx

∥∥∥∥
L∞

≤
�
Rn

|f(x)| dx

= ∥f∥L1

= ∥f∥Lp1 .

Thus, by Riesz-Thorin Interpolation, for 0 < θ < 1 fixed,

∥f̂∥Lqθ ≤ ∥f∥Lpθ ,

where
1

pθ
=

1− θ

2
+ θ =

1

2
+

θ

2
,

1

qθ
=

1− θ

2
.
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Setting pθ = p, we can solve for θ:

θ = 2

(
1

p
− 1

2

)
=

2

p
− 1 ∈ (0, 1)

1

qθ
=

1− θ

2
= 1− 1

p
=

1

p′

So qθ = p′, hence

∥f̂∥Lp′ ≤ ∥f∥Lp , for f ∈ F.

The rest follows from a density argument, and is left as homework. ⊓⊔

1.8. Schwartz Space. A vector α = (α1, . . . , αn) ∈ Nn
0 is called a multi-index of order

|α| = α1 + · · ·+ αn. We denote

Dαu =
∂|α|u

∂xα1
1 · · · ∂xαn

n
,

and similarly for xα = xα1
1 xα2

2 · · ·xαn
n . α ≤ β means αi ≤ βi, i ∈ {1, . . . , n}. Define for

α ≥ β, (
α

β

)
=

α!

β!(α− β)!
.

Note that |α| = k + 1 implies Dα = Dα′ ∂
∂xj

, where |α′| = k, α = α′ + ej .

Theorem 1.67 (Leibniz rule).

Dα(fg) =
∑
β≤α

(
α

β

)
DβfDα−βg

Definition 1.68. The Schwartz space is defined as

S(Rn) =

{
f ∈ C∞(Rn) : sup

x∈Rn
|xαDβf(x)| < ∞, ∀α, β ∈ Nn

0

}
.

Also define the operator
sup
x∈Rn

|xαDβf(x)| = pα,β(f).

Remark 1.69. Note that for ∀f ∈ S(Rn), ∀β ∈ Nn
0 , ∀k ∈ N, we have

lim
|x|→∞

|x|k |(Dαf)(x)| = 0.

Example 1.70. Here is a few exmaple about Schwartz space:

e−|x|2 = e−(x2
1+···+x2

n) ∈ S(Rn),

C∞
0 (Rn) ⊆ S(Rm),

e−x2
sin(ex

2
) ̸∈ S(Rn).

Definition 1.71. For the metrix on S(Rn), let
{(

α(k), β(k)
)}∞

k=1
⊆ Nn

0 × Nn
0 be the

enumeration of pairs of multi-indices. Define

d(f, g) =
∞∑
k=0

2−k pα(k),β(k)(f − g)

1 + pα(k),β(k)(f − g)
.

Proposition 1.72. If fm → f in
(
S(Rn), d

)
if and only if

pα,β(f − fm) → 0 for any α, β ∈ Nn
0 .

Remark 1.73. If f ∈ S(Rn), then xαf(x) ∈ S(Rn) for any multi-index α.

Lemma 1.74. Let f ∈ S(Rn), then

(a) (̂Dαf) (ξ) = (2πiξ)|α|f̂(ξ)
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(b) Dαf̂(ξ) = (−2πi)|α|F [(x)αf(x)] (ξ)

The same is true for F−1, but with no negative sign in (b).

Proof. (a); Base case |α| = 0: nothing to prove. Assume true for |α| = k, for any

f ∈ S(Rn) and α ∈ Nn
0 . Let |α| = k + 1, write Dα = Dα′ ∂

∂xj
, where |α′| = k, α = α′ + ej .

Then,

(̂Dαf)(ξ) = F
(
Dα′ ∂

∂xj
f

)
(ξ)

= (2πi)|α
′|ξ|α

′|F
( ∂

∂xj
f
)
(ξ).

Since F
(

∂f
∂xj

)
(ξ) = 2πiξj f̂(x), we have

(̂Dαf)(ξ) = (2πi)(|α
′|+1)ξα

′
ξj f̂(ξ)

= (2πi)|α|ξαf̂(ξ).

Now we prove F
(

∂f
∂xj

)
(ξ) = 2πiξj f̂(x), as follows, notice by definition

F
(

∂f

∂xj

)
(ξ) =

�
Rn

∂f

∂xj
(x) e−2πiξ·x dx

=

�
Rn

∂f

∂xj
(x) e−2πi[

∑n
l=1 ξlxl] dx

= lim
R→∞

�
Rn−1

 n∏
l=1,
l ̸=j

� R

−R

∂f

∂xj
(x1, . . . , xj , . . . , xn)e

−2πiξj ·xj dxj

 dx̃

where x̃ = (x1, . . . , xj−1, xj+1, . . . , xn) ∈ Rn−1. Then, by integration by parts, the bound-
ary term vanishes, so

F
(

∂f

∂xj

)
(ξ) = 2πiξj

�
Rn−1

 n∏
l=1,
l ̸=j

e−2πiξl·xl

� R

−R

∂f

∂xj
(x)e−2πiξj ·xj dxj

 dx̃

= 2πiξj

�
Rn−1

[� ∞

−∞
f(x)

n∏
l=1

e−2πiξjxj dxj

]
dx̃

= 2πiξj

�
Rn

f(x)e−2πiξ·x dx

= 2πiξj f̂(x).

⊓⊔

Proposition 1.75. F : S(Rn) → S(Rn) is a bijection.

Proof. (b) implies f̂ ∈ C∞(Rn), by (b) and (a),

ξα(Dβ f̂)(ξ) = (2πi)|β| ξαF
[
(x)βf(x)

]
(ξ)

= F
[
Dα
(
(x)βf(x)

)]
(ξ).

Thus,

∥(ξ)α(Dβ f̂)(ξ)∥L∞ =
∥∥∥DαF

[
(x)βf(x)

]∥∥∥
L∞

≤ ∥Dα
(
(x)βf(x)

)
∥L1 < ∞.
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Hence, f̂ ∈ S(Rn). Similarly, f ∈ S(Rn) implies f̂ ∈ S(Rn) and F−1 is the inverse of the
Fourier transform on S(Rn) ⊆ L1 ∩ L2.

⊓⊔

Proposition 1.76. fm → f in
(
S(Rn), d

)
if and only if f̂m → f̂ in

(
S(Rn), d

)
.

Proof. Homework! ⊓⊔
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2. The Hilbert Transform

2.1. Lp Convergence of Fourier Transform and the Hilbert Transform.

Proposition 2.1. Let fR(x) = χB(0,R)(x)f̂(x), f ∈ L2. Then

lim
R→∞

F−1
(
χB(0,R)f̂R

)
= f in L2.

Proof.

∥F−1
(
χB(0,R)f̂R

)
−F−1(f̂)∥L2 = ∥χB(0,R)f̂R − f̂∥L2

≤ ∥χB(0,R)f̂R − χB(0,R)f̂∥L2 + ∥χB(0,R)f̂ − f̂∥L2

which → 0 as R → ∞ by the dominated convergence theorem since

∥χB(0,R)f̂ − f̂∥L2 ≤ ∥ ̂(fR − f)∥L2 = ∥fR − f∥L2

which → 0 as R → ∞. ⊓⊔

Remark 2.2. Notice that f ∈ Lp (p ≥ 1) implies fR ∈ L1 implies f̂R ∈ L∞ implies

χB(0,R)f̂R ∈
⋂

q>0 L
q.

Question 2.3. If f ∈ Lp(Rd), p > 1, then does

lim
R→∞

F−1(χB(0,R)f̂R) = f in Lp(Rd)?

Answer: Yes, if d = 1. No, if d > 1.

Theorem 2.4 (Young’s inequality). If f ∈ Lp, g ∈ L1, then

∥f ∗ g∥Lp ≤ ∥f∥Lp∥g∥L1 .

Proof. Homework! ⊓⊔

Lemma 2.5. If f ∈ L2, g ∈ L1, then

f̂ ∗ g = f̂ ĝ.

Proof. Let fn ∈ L1 ∩ L2, fn → f in L2, then f̂ = limn→∞ f̂n in L2. Thus

f̂ ĝ = lim
n→∞

f̂nĝ in L2

lim
n→∞

f̂n ∗ g

= f̂ ∗ g in L2.

Also,

∥f̂n ∗ g − f̂ ∗ g∥L2 = ∥fn ∗ g − f ∗ g∥L2

= ∥(fn − f) ∗ g∥L2

≤ ∥fn − f∥L2∥g∥L1

which → 0 as n → ∞. ⊓⊔

Definition 2.6. Define the partial sum operator

SRg = F−1
(
χB(0,R)ĝ

)
, g ∈ L1.
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Then we are interested in whether

lim
R→∞

SRf = f.

Notice
F−1

(
χB(0,R)ĝ

)
= F−1

(
F
[
F−1(χB(0,R))

]
ĝ
)

= F−1
[
F
(
F−1(χB(0,R)) ∗ g

)]
= F−1(χB(0,R)) ∗ g.

For d = 1,

F−1
(
χB(0,R)

)
(x) =

� R

−R
e2πixξ dξ

=
e2πiRx − e−2πiRx

2πix

=
sin(2πRx)

πx
, which is similar to the Dirichlet kernel

= DR(x).

So

SRg(x) =

� ∞

−∞
g(y)

sin
(
2πR(x− y)

)
π(x− y)

dy.

Remark 2.7. Note that
∥SRg∥Lp ≤ ∥g∥L1∥DR∥Lp

≤ CR,p∥g∥L1 .

Remark 2.8. Notice that

∥SRg∥pLp =

�
R

∣∣∣∣�
R
g(x− y)

sin(2πRy)

πy
dy

∣∣∣∣p dx
=

�
R

∣∣∣∣�
R
g
(
x− y

R

) sin(2πy)

πy
dy

∣∣∣∣p dx
=

1

R

�
R

∣∣∣∣�
R
g

(
x− y

R

)
sin(2πy)

πy
dy

∣∣∣∣p dx.
Let [

g
( ·
R

)]
(x) = g

( x
R

)
.

Then

∥SRg∥pLp =
1

R

∥∥∥S1g
( ·
R

)∥∥∥p
Lp

≤ ∥S1∥Lp∩L1→Lp

�
R

∣∣∣g ( x
R

)∣∣∣p dx
= ∥S1∥op∥g∥Lp .

Lemma 2.9. limR→∞ SRf = f for f ∈ Lp, 1 ≤ p < ∞, if ∥S1∥op = Cp < ∞.

Proof. Let ε > 0. Pick ϕ ∈ S such that

∥f − ϕ∥Lp <
ε

1 + Cp
.

Then

lim sup
R→∞

∥SRfR − f∥Lp ≤ lim sup
R→∞

∥SRfR − SRϕ︸ ︷︷ ︸
SR(fR−ϕ)

∥Lp + ∥SRφ− ϕ∥Lp︸ ︷︷ ︸
→0 as R→∞

+∥ϕ− f∥Lp

 .

≤ lim sup
R→∞

[
Cp∥f − ϕ∥Lp +

ε

1 + Cp

]
.
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By the Dominated Convergence Theorem,

lim sup
R→∞

∥SRfR − f∥Lp ≤ εCp

1 + Cp
+

ε

1 + Cp
= ε.

⊓⊔

Remark 2.10. S1 does not map L1 into L1.

Proof. Let
f(x) = χ(− 1

12
, 1
12

)(x),

then

S1f(x) =

� 1/12

−1/12

sin
(
2π(x− y)

)
π(x− y)

dy

=

� x+1/12

x−1/12

sin(2πu)

πu
du

Also notice that |u− (k + 1
3)| <

1
6 if and only if u ∈

(
2πk + π

6 , 2πk + 5π
6

)
which implies

sin(2πu) ≥ 1

2
.

In addition |x− (k + 1
4)| <

1
12 , and |u− x| < 1

12 implies

|u− (k + 1
4)| <

1
6 .

Therefore, we have if x ∈ (k + 1
6 , k + 1

3) and u ∈ (x− 1
12 , x+ 1

12) , then

sin(2πu) ≥ 1

2
.

Thus

∥S1f∥L1 ≥
∞∑
k=1

� k+1/3

k+1/6

∣∣∣∣∣
� x+1/12

x−1/12

sin(2πu)

πu
du

∣∣∣∣∣ dx
≥

∞∑
k=1

� k+1/3

k+1/6

(
1

2

)(
1

6

)(
1

πk + π/12

)
dx

=

∞∑
k=1

1

24πk + 2π

= ∞.

⊓⊔

Proposition 2.11. Note that

F(f(x)e2πia·x)(ξ) = f̂(ξ − a),

and if fa(x) = f(a+ x) then

f̂a(ξ) = e2πiξaf̂(ξ)

Proof.

F(f(x)e2πia·x)(ξ) =

�
Rd

f(x)e2πia·xe−2πiξx dx

=

�
Rd

f(x)e−2πi(ξ−a)x dx

= f̂(ξ − a).

Similarly,

f̂a(ξ) =

�
Rd

f(a+ x)e−2πiξx dx
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=

�
Rd

f(v)e−2πiξ(v−a) dv

= e2πiξaf̂(ξ).

⊓⊔

Definition 2.12. Let d = 1, for f ∈ L2(R), define the Hilbert transform

Hf(x) = F−1
[
−i sgn(ξ)f̂(ξ)

]
(x),

where

sgn(ξ) =


+1, ξ > 0

0, ξ = 0

−1, ξ < 0.

Remark 2.13. For f ∈ L2(R),

∥Hf∥L2 = ∥f̂∥L2 = ∥f∥L2 .

Proposition 2.14. For f ∈ L2(R), let Maf(x) = e2πiaxf(x), then

i

2
(M−1HM1 −M1HM−1) f = S1f.

Proof. Recall that

M̂af(ξ) = f̂(ξ − a).

Let A = i
2M1HM1, then

Âf(ξ) = i
2F
(
M−1(HM1f)

)
(ξ)

= i
2F
(
H(M1f)

)
(ξ + 1)

= i
2 [−i sgn(ξ + 1)] M̂1f(ξ + 1)

= 1
2 sgn(ξ + 1)f̂(ξ).

Likewise, if B = 1
2M−1HM−1, then

B̂f(ξ) = − i

2
sgn(ξ − 1)f̂(ξ).

Thus

F(Af +Bf)(ξ) =
1

2
[sgn(ξ + 1)− sgn(ξ − 1)] f̂(ξ)

= χ(−1,1)(ξ)f̂(ξ).

So, i
2 (M−1HM1 −M1HM−1) f = S1f for f ∈ L2(R). ⊓⊔

Proposition 2.15. We have the following property in Lp(R),

sup
g∈Lp∩L1

∥S1g∥Lp

∥g∥Lp
= sup

g∈S

∥S1g∥Lp

∥g∥Lp
.

Proof. Homework! ⊓⊔

Theorem 2.16. We conclude that in Lp(R), 1 < p < ∞,

lim
R→∞

SRfR = f

if

∥H∥S→Lp = sup
f∈S

∥Hf∥Lp

∥f∥Lp
< ∞.
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Theorem 2.17 (Fefferman, 1971, Annals of Mathematics). In higher dimensions, where
d > 1

S1 : L
p(Rd) ∩ L1(Rd) → Lp(Rd)

is bounded if and only if p = 2.

2.2. Hilbert Transform Simplification for Fourier Series. Let 1 < p < ∞ and
f ∈ Lp

(
[0, 1]

)
. Recall that the N -th partial Fourier sum is

SNf(x) =

� 1

0
f(x− t)

sin
(
π(2N + 1)t

)
sin(πt)

dt

=

N∑
n=−N

f̂(n)e2πinx

=
1

2

∞∑
n=−∞

(
sgn(n+N)− sgn(n−N)

)
f̂(n)e2πinx

+
1

2

(
f̂(N)e2πiNx + f̂(−N)e−2πiNx

)
.

Definition 2.18. Let

Cf(x) =

∞∑
n=−∞

sgn(n)f̂(n)e2πinx.

Note that since f̂(0) =
� 1
0 f(x) dx,

∥Cf∥2L2 +

∣∣∣∣� 1

0
f(x) dx

∣∣∣∣2 = ∥f∥2L2 .

Proposition 2.19. If the operator norm

∥C∥Lp→Lp < ∞,

then we have

sup
N

∥SN∥Lp→Lp < ∞.

Proof. Let

MNf(x) = f(x)e−2πiNx,

then clearly we have

M̂Nf(n) = f̂(n+N).

Thereofore,

F(M−NCMNf)(n) = F(CMNf)(n−N)

= sgn(n−N)f̂(n),

and similarly,

F(MNCM−Nf)(n) = sgn(n+N)f̂(n).

We conclude that for f ∈ L2, by taking the inverse Fourier series,

1

2
[MNCM−N −M−NCMN ] f(x)

=
1

2

∞∑
n=−∞

[sgn(n+N)− sgn(n−N)] f̂(n)e2πinx

= SNf(x)− 1

2

(
f̂(N)e2πiNx + f̂(−N)e−2πiNx

)
.
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Hence,

SNf(x) =
1

2
[MNCM−N −M−NCMN ] f(x)

+
1

2

(
f̂(N)e2πiNx + f̂(−N)e−2πiNx

)
.

Since ∥MN∥Lp→Lp = 1, we have

∥SN∥Lp→Lp = sup
∥f∥Lp=1,

f∈S

∥SNf∥Lp

≤ sup
∥f∥Lp=1,

f∈S

(∥Cf∥Lp + 1)

where

S = span
{
e2πinx : n ∈ Z

}
.

⊓⊔

Question 2.20. What is Cf(x) for f ∈ S?

Let

Crf(x) =

∞∑
n=−∞

r|n|sgn(n)f̂(n)e2πinx.

Then

Cf(x) = lim
r→1−

Crf(x)

= lim
r→1−

[ ∞∑
n=1

rnf̂(n)e2πinx −
−1∑

n=−∞
r−nf̂(n)e2πinx

]

= lim
r→1−

� 1

0
f(t)

[ ∞∑
n=1

rne2πin(x−t) −
∞∑
n=1

rne−2πin(x−t)

]
dt

= lim
r→1−

� 1

0
f(t)

[
1

1− re2πi(x−t)
− 1

1− re−2πi(x−t)

]
dt

= 2i

[
lim
r→1−

� 1

0
f(t)Im

(
1

1− re2πi(x−t)

)
dt

]

= 2i

[
lim
r→1−

� 1/2

−1/2
f(x− t)

r sin(2πt)

1− 2r cos(2πt) + r2
dt

]
.

Since � 1/2

−1/2

(
r sin(2πt)

1− 2r cos(2πt) + r2

)
dt = 0,

we have

Cf(x) = 2i lim
r→1−

� 1/2

−1/2

(
f(x− t)− f(x)

) r sin(2πt)

1− 2r cos(2πt) + r2
dt

= 2i

� 1/2

−1/2

(
f(x− t)− f(x)

) sin(2πt)

2− 2 cos(2πt)
dt

= 2i

� 1/2

−1/2

(
f(x− t)− f(x)

)
cot(πt)dt.

= 2i lim
ϵ→0+

�
ϵ<|t|<1/2

(
f(x− t)− f(x)

)
cot(πt)dt
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= 2i lim
ϵ→0+

�
ϵ<|t|<1/2

f(x− t) cot(πt)dt

= 2iHf(x),

where Hf(x) is the Hilbert transform on the circle.

2.3. Hilbert Transform Simplification for the Fourier Transform.

Definition 2.21. Recall that

Ĥf(x)(ξ) = −i sgn(ξ)f̂(ξ).

Let

Hε,Nf(x) =
1

π

�
ε<|y|<N

f(x− y)

y
dy.

Proposition 2.22. As n → ∞, ∃ε(n) → 0+, N(n) → ∞ such that

Hf(x) = lim
n→∞

Hε(n),N(n)f(x).

Proof. For f ∈ L1 ∩ L2,

Hε,Nf(x) =
1

π

(
χε<|y|<N

y

)
∗ f.

So

Ĥε,Nf(ξ) =
1

π
F
(
χε<|y|<N

y

)
(ξ) · f̂(ξ),

where

F
(
χε<|y|<N

y

)
∈ L1 ∩ L2.

We compute

1

π
F
(
χε<|y|<N

y

)
(ξ) =

1

π

�
ε<|y|<N

e−2πiξy

y
dy = − 1

π

�
ε<|y|<N

e2πiξy

y
dy.

Therefore,
1

π
F
(
χε<|y|<N

y

)
(ξ) = − 1

2π

�
ε<|y|<N

e2πiξy − e−2πiξy

y
dy.

= − i

π

�
ε<|y|<N

sin(2πξy)

y
dy

= − i

π

(� −ε

−N

sin(2πξy)

y
dy +

� N

ε

sin(2πξy)

y
dy

)
.

Case I: x > 0, let u = 2πy, then

1

π
F
(
χε<|y|<N

y

)
(ξ) =

−i

π

(� −2πεξ

−2πNξ

sinu

u
du+

� 2πNξ

2πεξ

sinu

u
dy

)
= −2i

π

� 2πN |ξ|

2πε|ξ|

sin y

y
dy.

Case II: x > 0, then 1
πF
(
χε<|y|<N

y

)
(ξ) = 0.

Case III: x < 0, let u = −2πy, then

1

π
F
(
χε<|y|<N

y

)
(ξ) =

i

π

(� −ε(−2πξ)

−N(−2πξ)

sinu

u
du+

� N(−2πξ)

ε(−2πξ)

sinu

u
du

)
.

Therefore,
1

π
F
(
χε<|y|<N

y

)
(ξ) = −2i

π
sgn(x)

� 2πN |ξ|

2πε|ξ|

sin y

y
dy.
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So

Ĥε,Nf(ξ) = −2i

π
sgn(x)

� 2πN |ξ|

2πε|ξ|

sin y

y
dy · f̂(ξ).

Then, by the classical integral
�∞
0

sinu
u du = π

2 ,

∥Hε,Nf −Hf∥2L2 = ∥Ĥε,Nf − Ĥf∥2L2

=

�
R

∣∣∣∣∣
((

2

π
(−i) sgn(ξ)

� 2πN |ξ|

2πε|ξ|

sin y

y
dy − isgn(ξ)

)
f̂(ξ)

)∣∣∣∣∣
2

dξ

→ 0 as ε → 0+, N → ∞. So when ξ ̸= 0,

lim
ε→0+,N→∞

(
2

π

� 2πN |ξ|

2πε|ξ|

sin y

y
dy

)
= 1.

⊓⊔

Remark 2.23. Now,

Hε,Nf(x) =

�
ε<|y|<N

f(x− y)

y
dy

=

�
ε<|y|<1

f(x− y)

y
dy +

�
1≤|y|<N

f(x− y)

y
dy

=

�
ε<|y|<1

f(x− y)− f(x)

y
dy +

�
ε<|y|<1

f(x)

y
dy︸ ︷︷ ︸

=0 because (
�−ε
−1 +

� 1
ε )

1
y
dt=0

+

�
1≤|y|≤N

f(x− y)

y
dy

So if f ∈ S(R),

Hf(x) =
1

π

�
|y|<1

f(x− y)− f(x)

y
dy +

1

π

�
|y|≥1

f(x− y)

y
dy

=
1

π
lim
ε→0+

�
ε<|y|<1

f(x− y)− f(x)

y
dy +

1

π

�
|y|≥1

f(x− y)

y
dy

Alternatively,

Hf(x) = lim
ε→0+

1

π

�
|y|>ε

f(x− y)

y
dy.
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2.4. Marcinkiewicz Interpolation Theorem.

Remark 2.24. Easy homework:

m ({x ∈ Rn : |f(x)| > λ}) ≤
∥f∥qLq

λq

Thus, if T : Lp(Rn) → Lq(Rn) is bounded,

m ({x ∈ Rn : |Tf(x)| > λ}) ≤
∥Tf∥qLq

λq
≤

Cq∥f∥qLq

λq
.

Definition 2.25. Let M denote the space of measurable functions, the operator T : Lp →
M is said to be weak type (p, q), q < ∞, if

m ({x ∈ Rn : |Tf(x)| > λ}) ≤
Cq∥f∥qLp

λq
.

Remark 2.26. It is easy to check that�
Rn

|f(x)|qdx = q

� ∞

0
λq−1m ({x ∈ Rn : |f(x)| > λ}) dλ

where
df (λ) = m ({x ∈ Rn : |f(x)| > λ})

is the distribution function.

Definition 2.27. Let M ′ ⊆ M be a vector space. A mapping T : M ′ → M is sublinear if

(1) |T (f0 + f1)(x)| ≤ |Tf0(x)|+ |Tf1(x)|,

(2) |T (λf)(x)| ≤ |λ||Tf(x)|.

Theorem 2.28 (Marcinkiewicz Interpolation Theorem). Let 1 ≤ p0 < p1 ≤ ∞ and
suppose T : Lp0 +Lp1 → M is sublinear. If T is weak type (p0, p0) and weak type (p1, p1),
then for p0 < p < p1, we have

∥Tf∥Lp ≤ 2p
1
p

[
1

p− p0
+

1

p1 − p

] 1
p

Cθ
0C

1−θ
1 ∥f∥Lp ,

where
1

p
=

θ

p0
+

1− θ

p1
, 0 < θ < 1.

Proof. Case p1 = ∞: homework.

Case p1 < ∞: Let f ∈ Lp. Define

f1 = f · χ{x:|f(x)|<Cλ},

f0 = f · χ{x:|f(x)|≥Cλ},

so f = f0 + f1 ∈ Lp0 + Lp1 . Note that

|Tf(x)| ≤ |Tf0(x)|+ |Tf1(x)|,
and

{x : |Tf(x)| > λ} ⊆
{
x : |Tf0(x)| >

λ

2

}
∪
{
x : |Tf1(x)| >

λ

2

}
,

therefore,

dTf (λ) ≤ dTf0

(
λ

2

)
+ dTf1

(
λ

2

)
.

Thus,

∥Tf∥pLp = p

� ∞

0
λp−1dTf (λ) dλ

≤ p

[� ∞

0
λp−1dTf0

(
λ

2

)
dλ+

� ∞

0
λp−1dTf1

(
λ

2

)
dλ

]
.
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Furthermore,

dTf1

(
λ

2

)
= m ({x : |Tf1(x)| > λ/2})

≤ C1
p1

(
2

λ

)p1

∥f1∥p1Lp1

= C1

(
2

λ

)p1 �
Rn

|f(x)|p1χ{x:|f(x)|<Cλ}dx.

Likewise, we have

dTf0

(
λ

2

)
≤ C0

(
2

λ

)p0 �
Rn

|f(x)|p0χ{x:|f(x)|≥Cλ}dx

Thus,

∥Tf∥pLp ≤ p

[
(2C0)

p0

� ∞

0

(�
Rn

|f(x)|p0λp−1−p0χ{x:|f(x)|≥Cλ}dx

)
dλ

+(2C1)
p1

� ∞

0

(�
Rn

|f(x)|p1λp−1−p1χ{x:|f(x)|<Cλ}dx

)
dλ

]

= p

[
(2C0)

p0

�
Rn

|f(x)|p0
(� ∞

0
λp−1−p0χ(

0,
|f(x)|

C

](λ)dλ
)
dx

+(2C1)
p1

�
Rn

|f(x)|p1
(� ∞

0
λp−1−p1χ(

|f(x)|
C

,∞
)(λ)dλ

)
dx

]

= p

[
(2C0)

p0

�
Rn

|f(x)|p0
(� |f(x)|

C

0
λp−1−p0dλ

)
dx

+(2C1)
p1

�
Rn

|f(x)|p1
(� ∞

|f(x)|
C

λp−1−p1dλ

)
dx

]

= p

[
(2C0)

p0

�
Rn

|f(x)|p0
(

|f(x)|p−p0

(p− p0)Cp−p0

)
dx

+(2C1)
p1

�
Rn

|f(x)|p1
(

|f(x)|p−p1

(p1 − p)Cp−p1

)
dx

]
= p

[
(2C0)

p0

(p− p0)Cp−p0
+

(2C1)
p1

(p1 − p)Cp−p1

]
∥f∥pLp

=
p

Cp

[
(2C0C)p0

(p− p0)
+

(2C1C)p1

(p1 − p)

]
∥f∥pLp .

Pick C where (2C0C)p0 = (2C1C)p1 , then

p

Cp

[
(2C0C)p0

(p− p0)
+

(2C1C)p1

(p1 − p)

]
=

p(2C0C)p0

Cp

[
1

p− p0
+

1

p1 − p

]
.

Therefore,

∥Tf∥Lp ≤ p1/p
(2C0C)p0/p

C

[
1

p− p0
+

1

p1 − p

]1/p
∥f∥Lp .

Let 1
p = θ

p0
+ 1−θ

p1
, then note that C = (2C0C)p0/p

2C1
yields

(2C0C)p0/p

C
= 2C1(2C0C)

p0
p
− p0

p1

= 2C1(2C0C)
θ
[
1− p0

p1

]
.
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Since 2C1C = (2C0C)p0/p1 ,

C1

C0
=

2C1C

2C0C
= (2C0C)

p0
p1

−1
,(

C0

C1

)θ

= (2C0C)

[
1− p0

p1

]
θ
.

So
(2C0C)

p0
p

C
= 2C1

(
C0

C1

)θ

= 2C1−θ
1 Cθ

0 .

⊓⊔
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3. Dyadic Intervals

3.1. What are Dyadic Intervals?

Definition 3.1. We define the dyadic intervals

D =

{[
l − 1

2k
,
l

2k

)
: (l, k) ∈ Z× Z

}
,

and

Dk =

{
I =

[
l − 1

2k
,
l

2k

)
: l ∈ Z

}
.

k = −1
-4 -2 0 2 4 6

k = 0
-5 -4 -3 -2 -1 0 1 2 3 4 5 6

k = 1
-3 -2 -1 0 1 2 3− 3

2 − 1
2

1
2

3
2

Figure 5. Dyadic Intervals with l ∈ Z

Proposition 3.2. Notice that each interval is contained in uniquely one upper-level in-
terval.

(1) R =
⊔

I∈Dk
I.

(2) ∀I ∈ D, ∃Ĩ ∈ D such that I ⊆ Ĩ , ℓ(Ĩ) = 2ℓ(I).

(3) For I, J ∈ D, we have I ∩ J ∈ {∅, I, J} and I ⊊ J if and only if

J = Ĩ(k) for some k ∈ N,

where Ĩ(k) is the k-th generational parent, where

Ĩ(0) = I, Ĩ(k) =
˜(
Ĩ(k−1)

)
, Ĩ(1) =

˜̃
I(0) = Ĩ .

(4) If I = (a, b), ℓ(I) = b− a, and

2−k−1 ≤ ℓ(I) < 2−k,

then
# {J ∈ Dk : I ∩ J ̸= ∅} ≤ 2.

Proof. (1): Obvious.

(2): Let I =
[
l−1
2k

, l
2k

)
and let l be even. Then

I =

[
l/2− 1/2

2k−1
,
l/2

2k−1

)
⊆
[
l/2− 1

2k−1
,
l/2

2k−1

)
= Ĩ .

and

ℓ(Ĩ) =
1

2k−1
=

2

2k
= 2ℓ(I)

If l is odd, then

I =

[
(l − 1)/2

2k−1
,
l/2

2k−1

)
⊆
[
(l − 1)/2

2k−1
,
(l + 1)/2

2k−1

)
= Ĩ .

(3): Homework.
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(4): Let

{J ∈ Dk : J ∩ I ̸= ∅} = {Ji}Mi=1.

Let Ji = [ai, bi), ci ∈ Ji ∩ I, WLOG assume

a1 ≤ c1 < b1 ≤ a2 < b2 ≤ · · · ≤ aM−1 < bM−1 ≤ aM ≤ cM < bM .

So

b− a ≥ cM − c1 > bM − a2

≥
M−1∑
i=2

(bi − ai)

= (M − 2)2−k.

Thus

2−k > b− a ≥ (M − 2)2−k,

so 3 > M . ⊓⊔

Remark 3.3. (4) says if I is an interval, ∃{Ji}2i=1 ⊆ D such that I ⊆ J1 ⊔ J2 and if
ℓ = ℓ(J1) = ℓ(J2) then

ℓ

2
≤ ℓ(I) < ℓ.

3.2. The Hardy-Littlewood Maximal Function.

Definition 3.4 (Hardy-Littlewood Maximal Function). Let f ∈ L1(R). Let Mf : R →
[0,∞),

Mf(x) = sup
r>0

1

2r

� x+r

x−r
|f(y)| dy.

Remark 3.5. If f ∈ L∞(R),
1

2r

� x+r

x−r
|f(y)| dy ≤ 2r

2r
∥f∥L∞ = ∥f∥L∞ .

Therefore,

∥Mf∥L∞ ≤ ∥f∥L∞ .

Theorem 3.6. M is weak type (1, 1). Mf ̸∈ L1 if f ̸= 0 a.e.

Proof. Let λ > 0. Step (1): we claim

{x ∈ R : Mf(x) > λ} ⊆
⋃
Q∈D

{
2Q : Q ∈ D,

1

ℓ(Q)

�
Q
|f(y)| dy >

λ

4

}
=
⋃
Q∈D

C .

Assume that

x ̸∈
⋃
Q∈D

C .

Let I = (x − r, x + r), let {Ji}2i=1 as before, i.e., I ⊆ J1 ⊔ J2. We claim that Ji /∈ C . If
not,

Ji ∈ C , and let u ∈ I ∩ Ji.

then

|x− ci| ≤ |x− u|+ |u− ci|
where ci is the center of Ji. Then,

|x− ci| ≤
ℓ(I)

2
+

ℓ(Ji)

2
< ℓ(Ji).
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Thus, x ∈ 2Ji and Ji ∈ C , so x ∈ C , contradiction. Thus

1

ℓ(I)

�
I
|f(y)| dy

≤
2∑

i=1

1

ℓ(Ji)

�
Ji

|f(y)| dy

≤
2∑

i=1

2

(
λ

4

)
= λ.

Thus
1

2r

� x+r

x−r
|f(y)| dy ≤ λ for x /∈ C .

Step(2): We claim that

m

 ⋃
Q∈D

{
2Q : Q ∈ D,

1

ℓ(Q)

�
Q
|f(y)| dy >

λ

4

} ≤ 8

λ
∥f∥L1 .

Let Q ∈ C , and

Q = Q̃(0) ⊆ Q̃(1) ⊆ Q̃(2) · · ·
where ℓ(Q̃(k)) = 2kℓ(Q). Therefore,

1

ℓ(Q̃(k))

�
Q̃(k)

|f(y)| dy ≤ ∥f∥L1

2kℓ(Q)
→ 0 as k → ∞.

Thus we can conclude that

(A) Q̃(0) = Q ∈ C .

(B) Q̃(k) ̸∈ C for k large.

For every Q ∈ C , ∃M ∈ N such that Q̃(M) ∈ C and Q̃(n) ̸∈ C for n > M . Define the
Calderón-Zygmund intervals of height λ:

{Qj} =
{
P ∈ C : P̃ (k) /∈ C for any k ∈ N

}
=
{
P ∈ C : P ′ ⊋ P =⇒ P ′ ̸∈ C

}
.

Claim that {Qj} are disjoint. Why? If P, P ′ ∈ {Qj} then P ⊈ P ′ or P ′ ⊈ P , impossible.
Notice that

1

ℓ(Qj)

�
Qj

|f(y)| dy >
λ

4

implies
4

λ

�
Qj

|f(y)| dy > ℓ(Qj).

Therefore,
∞∑
j

ℓ(Qj) ≤
4

λ

∞∑
j

�
Qj

|f(y)| dy

≤ 4

λ

�
R
|f(y)| dy

=
4∥f∥L1

λ
.

Finally,

m

 ⋃
Q∈C

2Q

 ≤ m

⋃
j

2Qj

 ≤
∑
j

m(2Qj)
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≤ 2
∑
j

ℓ(Qj) ≤
8

λ
∥f∥L1 .

⊓⊔

Corollary 3.7. M : Lp → Lp is bounded for 1 < p ≤ ∞.

3.3. Calderón-Zygmund decomposition.

Theorem 3.8 (Lebesgue Differentiation Theorem). Let f ∈ L1. For a.e. x ∈ R we have

lim
r→0+

1

2r

� x+r

x−r
|f(y)− f(x)| dy = 0.

In particular, for a.e. x ∈ R,

f(x) = lim
r→0+

1

2r

� x+r

x−r
f(y) dy.

Proof. Notice that∣∣∣∣f(x)− 1

2r

� x+r

x−r
f(y) dy

∣∣∣∣ = ∣∣∣∣ 12r
� x+r

x−r
(f(x)− f(y)) dy

∣∣∣∣
≤ 1

2r

� x+r

x−r
|f(x)− f(y)| dy,

which we will prove → 0 as r → 0+. Let

Trf(x) =
1

2r

� x+r

x−r
|f(x)− f(y)| dy,

and

Tf(x) = lim sup
r→0+

1

2r

� x+r

x−r
|f(x)− f(y)| dy.

We claim that m ({x ∈ R : Tf(x) > λ}) = 0, which is equivalent to showing

m ({x ∈ R : Tf(x) > λ}) = 0

for all λ > 0. Pick g ∈ C(R) such that ∥f − g∥L1 < ε. Let h = f − g. Then

Trf ≤ Trg + Trh.

Notice that

Trh(x) ≤
1

2r

� x+r

x−r
|h(y)| dy + |h(x)|.

≤ Mh(x) + |h(x)|.
where Mh(x) is the Hardy-Littlewood maximal function. So

Tf(x) ≤ lim sup
r→0+

(Trg(x) +Mh(x) + |h(x)|) .

≤ Mh(x) + |h(x)|.
Clearly we have

{x : Tf(x) > λ} ⊆
{
x : Mh(x) >

λ

2

}
∪
{
x : |h(x)| > λ

2

}
.

Therefore,

m ({x : Tf(x) > λ}) ≤ m

({
x : Mh(x) >

λ

2

})
+m

({
x : |h(x)| > λ

2

})
.

≤ C1
2

λ
∥h∥L1 +

2

λ
∥h∥L1 ,
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where C1 is the type (1, 1) bound for the maximal function, and the latter term comes
from Chebyshev’s inequality. Recall ∥h∥L1 = ∥f − g∥L1 < ε, so

m ({x : Tf(x) > λ}) ≤ 2C1 + 2

λ
ε.

As ϵ is arbitrary,

m ({x : Tf(x) > λ}) = 0.

⊓⊔

Corollary 3.9. Let f ∈ L1, F (x) =
� x
a f(y) dy. Then for a.e. x ∈ R,

F ′(x) = f(x).

Proof. Notice that ∣∣∣∣F (x+ r)− F (x)

r
− f(x)

∣∣∣∣
=

∣∣∣∣1r
� x+r

a
f(y) dy − 1

r

� x

a
f(y) dy − f(x)

∣∣∣∣
=

∣∣∣∣1r
� x+r

x
f(y) dy − f(x)

∣∣∣∣
≤ 1

r

� x+r

x
|f(y)− f(x)| dy

< 2

[
1

2r

� x+r

x−r
|f(y)− f(x)| dy

]
which → 0 as r → 0+ by the Lebesgue differentiation theorem. ⊓⊔

Definition 3.10. Define the Calderón-Zygmund intervals of height λ:

{Qj} =
{
P ∈ C : P̃ (k) /∈ C for any k ∈ N

}
=
{
P ∈ C : P ′ ⊋ P =⇒ P ′ ̸∈ C

}
.

where

C =

{
P ∈ D :

1

ℓ(P )

�
P
f(y) dy > λ

}
.

Lemma 3.11. Let {Qj} be Calderón-Zygmund intervals of height λ for f ≥ 0. Then:

(1) f(x) ≤ λ for a.e. x /∈
⊔∞

j Qj.

(2) m
(⊔∞

j Qj

)
=
∑∞

j ℓ(Qj) ≤
∥f∥L1

λ .

(3) λ < 1
ℓ(Qj)

�
Qj

f(y) dy ≤ 2λ.

Proof. (2): Done already!

(1): Pick Ik ∈ Dk such that x ∈ Ik, so {x} =
⋂∞

k=−∞ Ik. By the Lebesgue Differentiation
Theorem,

f(x) = lim
k→∞

1

ℓ(Ik)

�
Ik

f(y) dy.

Claim that if x /∈
⊔

j Qj , then for all k ∈ N,

1

ℓ(Ik)

�
Ik

f(y) dy ≤ λ.
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If not, Ik ∈ C implies Ik ⊆ Qj′ for some j′. Thus x ∈ Ik ⊆
⊔

j Qj , contradiction. Hence,

f(x) = lim
k→∞

1

ℓ(Ik)

�
Ik

f(y) dy ≤ λ.

(3): By definition,
1

ℓ(Qj)

�
Qj

f(y) dy > λ.

Also by definition Q̃j /∈ C , thus

1

ℓ(Qj)

�
Qj

f(y) dy ≤ 2

ℓ(Q̃j)

�
Q̃j

f(y) dy ≤ 2λ.

⊓⊔

Theorem 3.12 (Calderón-Zygmund decomposition of f ≥ 0 at height λ). Let λ > 0 and
f ∈ L1. If {Qj} are Calderón-Zygmund intervals; then (1)− (3) previously are true.

Further, define

g(x) =

{
f(x) x /∈

⊔
j Qj ,

1
ℓ(Qj)

�
Qj

f(y) dy x ∈ Qj ,

where b(x) = f(x)− g(x) is the “bad” function. Then f(x) = g(x) + b(x) satisfies:

(A) ∥g∥L∞(R) ≤ 2λ and ∥g∥L1(R) ≤ ∥f∥L1(R).

(B) b(x) =
∑

j bj(x), where

(B1) bj(x) = 0 for x /∈ Qj,

(B2)
�
Qj

bj(y) dy = 0,

(B3)
�
Qj

|bj(y)| dy ≤ 4λℓ(Qj).

Proof. (A): If x /∈
⊔

j Qj , then g(x) = f(x) ≤ λ. If x ∈ Qj , then

g(x) =
1

ℓ(Qj)

�
Qj

f(y) dy ≤ 2λ.

Also, �
R
g(y)dy =

�
⊔

j Qj

g(y)dy +

�
R\

⊔
j Qj

g(y)dy

=
∑
j

�
Qj

f(y)dy +

�
R\

⊔
j Qj

f(y)dy

= ∥f∥L1(R).

(B): For x /∈
⊔

j Qj ,

b(x) = f(x)− g(x) = f(x)− f(x) = 0.

For x ∈ Qj ,

b(x) = f(x)− 1

ℓ(Qj)

�
Qj

f(y) dy.

So

b(x) =
∑
j

(
f(x)−

 
Qj

f(y) dy

)
χQj (x) =

∑
j

bj(x),

where  
Qj

f =
1

ℓQj

�
Qj

f(y) dy.
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Then �
Qj

bj(y) dy =

�
Qj

f(y) dy −
�
Qj

f(y) dy = 0.

Finally, �
Qj

|bj(y)| dy ≤
�
Qj

(
f(y) +

 
Qj

f

)
dy

= 2

�
Qj

f(y) dy

≤ 2ℓ(Qj)

(
1

ℓ(Qj)

�
Qj

f(y) dy

)
≤
(
2ℓ(Qj)

)
(2λ).

⊓⊔

3.4. Weak type estimates for the Hilbert transform.

Lemma 3.13. Let f ∈ L2, f = 0 a.e. on R \ I, where I is compact. Then

Hf(x) =
1

π

�
I

f(y)

x− y
dy

for a.e. x ∈ R/I.

Theorem 3.14. If f ∈ L1 ∩ L2, then

m ({x : |Hf(x)| > λ}) ≤ C∥f∥1
λ

.

Proof. WLOG f ≥ 0, let f = g + b be the Calderón–Zygmund decomposition at height
λ > 0. Then clearly

m ({x : |Hf(x)| > λ}) ≤ m

({
x : |Hg(x)| > λ

2

})
︸ ︷︷ ︸

(1)

+m

({
x : |Hb(x)| > λ

2

})
︸ ︷︷ ︸

(2)

.

(1): Notice that

(1) ≤
(
2

λ

)2 �
R
|Hg(x)|2 dx

=

(
2

λ

)2 �
R
|g(x)|2 dx.

Since ∥g∥∞ ≤ 2λ, and ∥g∥2 ≤ ∥f∥2,

(1) ≤
(
2

λ

)2

(2λ)

�
R
|g(x)|dx

≤ 8

λ
∥f∥1.

(2): Recall that

b(x) =
∑
j

(
f(x)−

 
Qj

f(y) dy

)
χQj (x),

we have

∥b∥2L2 =
∑
j

�
Qj

(
f(x)−

 
Qj

f(y) dy

)2

dx

≤ 2
∑
j

�
Qj

(
f(x)

)2
+ ℓ(Qj)

( 
Qj

f(y) dy

)2

dx


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≤ 4
∑
j

�
Qj

(
f(x)

)2
dx

≤ 4

�
R
|f(x)|2dx < ∞.

Therefore, b ∈ L2 and b =
∑

j bj ∈ L2. Then Hb(x) =
∑

j Hbj(x) in L2.

|Hb(x)| ≤
∑
j

|Hbj(x)| for a.e. x ∈ R.

Define
Ω =

⊔
j

Qj , Ω∗ =
⋃
j

2Qj .

Then
m(Ω∗) ≤

∑
j

m(2Qj)

= 2
∑
j

m(Qj)

≤ 2∥f∥L1

λ
.

Therefore,

(2) ≤ m(Ω∗) +m

({
x ∈ R \ Ω∗ : |Hb(x)| > λ

2

})
≤ 2∥f∥1

λ
+

2

λ

�
R\Ω∗

|Hb(x)|dx.

We claim that 2
λ

�
R\Ω∗ |Hb(x)|dx ≤ C

λ ∥f∥L1 . Notice�
R\Ω∗

|Hb(x)|dx ≤
∑
j

�
R\Ω∗

|Hbj(x)|dx

Since 2Qj ⊆ Ω∗, �
R\Ω∗

|Hb(x)|dx ≤
∑
j

�
R\2Qj

|Hbj(x)|dx.

Recall that each bj ≡ 0 on
{
R \ 2Qj

}
⊆ {R \Qj} since

�
Qj

bj(y) dy = 0, so we have

|Hbj(x)| =

∣∣∣∣∣
�
Qj

bj(y)

x− y
dy

∣∣∣∣∣
=

∣∣∣∣∣
�
Qj

bj(y)

(
1

x− y
− 1

x− cj

)
dy

∣∣∣∣∣
≤
�
Ij

|bj(y)|
|y − cj |

|x− y||x− cj |
dy.

Because
|x− cj | ≤ |x− y|+ |y − cj |

≤ |x− y|+ ℓ(Qj)

2
≤ 2|x− y|,

we have 1
|x−y| ≤

2
|x−cj | , yielding

|Hbj(x)| ≤ 2

�
Qj

|bj(y)|
|cj − y|
(x− cj)2

dy

≤
�
Qj

|bj(y)|
ℓ(Qj)

(x− cj)2
dy.
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x aj y cj bj

2Qj

ℓ(Qj)

Figure 6. x, y and 2Qj

So, ∑
j

�
R\(2Qj)

|Hbj(x)|dx ≤
∑
j

�
R\(2Qj)

(
ℓ(Qj)

(x− cj)2

�
Qj

|bj(y)| dy

)
dx

=
∑
j

[�
Qj

|bj(y)| dy

][�
R\(2Qj)

(
ℓ(Qj)

(x− cj)2

)
dx

]
.

Notice that R \ (2Qj) = (−∞, cj − ℓ(Qj)] ⊔ (cj + ℓ(Qj),∞), so

�
R\(2Qj)

ℓ(Qj)

(x− cj)2
dx =

(� cj−ℓ(Qj)

−∞
+

� ∞

cj+ℓ(Qj)

)
ℓ(Qj)

(x− cj)2
dx

=

[
2 · 1

ℓ(Qj)

]
· ℓ(Qj) = 2.

Therefore, ∑
j

�
R\(2Qj)

|Hbj(x)|dx ≤ 2
∑
j

�
Qj

|bj(y)| dy

= 2∥b∥L1

≤ 4∥f∥L1 .

Putting everything together, we conclude that

m ({x : |Hf(x)| > λ}) ≤ 18∥f∥1
λ

for f ∈ L1 ∩ L2.

⊓⊔

3.5. Lp Boundedness of the Hilbert Transform. Recall: If f ∈ L1 ∩ L2, then

m ({x : |Hf(x)| > λ}) ≤ C∥f∥L1

λ
.

Lemma 3.15. Let {gn} ⊆ M . If ∀λ, ε > 0, there exists N = Nε,λ such that n,m > N
implies

m ({x ∈ R : |gn(x)− gm(x)| > λ}) < ε,

i.e. {gn} is Cauchy in measure. Then ∃g ∈ M such that gn → g in measure, i.e.

∀λ > 0, lim
n→∞

m ({x : |gn(x)− g(x)| > λ}) = 0.

Proof. Step (1): Find g ∈ M , {gNk
} such that gNk

→ g pointwise a.e. Let

ε = λ = 2−k, Nk > N2−k,2−k ,

and w.l.o.g.

N1 < N2 < N3 < . . .

Let

Ek =
{
x : |gNk+1

(x)− gNk
(x)| > 2−k

}
,
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then
∞∑
k=1

m(Ek) ≤
∞∑
k=1

2−k < ∞.

By Borel-Cantelli Lemma, for a.e. x ∈ R, ∃K(x) such that k > K(x) implies x /∈ Ek. Let
ε > 0, w.l.o.g.

2−K(x)+1 < ε.

If n,m > K(x) (w.l.o.g. n > m), then

|gNn(x)− gNm(x)| =

∣∣∣∣∣
n−1∑
k=m

(
gNk+1

(x)− gNk
(x)
)∣∣∣∣∣

≤
n−1∑
k=m

|gNk+1
(x)− gNk

(x)|

<

n−1∑
k=m

2−k ≤ 2−m+1 ≤ 2−kx < ε.

Thus, {gNk
(x)} ⊆ C is Cauchy. Let g(x) = limk→∞ gNk

(x) ∈ M .

Step (2): gn → g in measure. Homework. ⊓⊔

Lemma 3.16. Let f ∈ L1, {fn} ⊆ L1 ∩ L2, fn → f in L1, then {Hfn} is Cauchy in
measure.

Proof. Recall that

m ({x : |Hfn(x)−Hfm(x)| > λ}) ≤ C∥fn − fm∥L1

λ
.

pick N such that ∥fn − fm∥L1 < λε
C , then for n,m > N ,

m ({x : |Hfn(x)−Hfm(x)| > λ}) < ε.

⊓⊔

Definition 3.17. Let H̃f = limn→∞Hfn, where convergence is in measure.

Remark 3.18. ∀f ∈ L1, m({x : |H̃f(x)| > λ}) < 2C∥f∥1
λ .

Remark 3.19. H̃ is the unique linear weak type (1,1) extension from L1 ∩ L2 to L1.

Proof. Let H′ = H on L1 ∩ L2, H′ is linear on L1, and weak (1,1) on L1. Let λ > 0,
f ∈ L1, we want to show

m({x : |H̃f(x)−H′f(x)| > λ}) = 0.

Let {fn} ⊆ L1 ∩ L2, fn → f in L1, notice that

|H̃f(x)−H′f(x)| ≤ |H̃f(x)−Hfn(x)|+ |H′fn(x)−H′f(x)|.
Therefore,

m({x : |H̃f(x)−H′f(x)| > λ}) ≤ lim sup
n→∞

m

({
x : |H̃f(x)−Hfn(x)| >

λ

2

})
+ lim sup

n→∞
m

({
x : |H′(fn − f)(x)| > λ

2

})
,

≤ 0 + lim sup
n→∞

C

(
2

λ

)
∥f − fn∥L1 = 0.

⊓⊔
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Definition 3.20. Finally, let
˜̃H : L1 + L2 → M be˜̃Hf = H̃f1 +Hf2,

where f = f1 + f2, f1 ∈ L1, f2 ∈ L2.

Remark 3.21.
˜̃H is well-defined.

Proof. Assume f1 + f2 = g1 + g2, where f1, g1 ∈ L1 and f2, g2 ∈ L2. We want to prove

H̃f1 +Hf2 = H̃g1 +Hg2.

Notice that f1 − g1 = g2 − f2 ∈ L1 ∩ L2, so

H(f1 − g1) = H(g2 − f2) = Hg2 −Hf2.

In addition,

H(f1 − g1) = H̃(f1 − g1)

= H̃f1 − H̃g1.

Therefore,

H̃f1 − H̃g1 = Hg2 −Hf2,

H̃f1 +Hf2 = H̃g1 +Hg2.

⊓⊔

Remark 3.22. By Marcinkiewicz Interpolation Theorem, ∀p ∈ (1, 2),

∥ ˜̃H∥Lp→Lp ≤ 2p1/p
[

1

p− 1
+

1

2− p

]1/p
C∥f∥Lp .

Thus for f ∈ S(R),

∥H̃f∥Lp ≤ 2p1/p
[

1

p− 1
+

1

2− p

]1/p
C∥f∥Lp .

Remark 3.23. Homework: Hf ∈ Lp, if f ∈ S(R), 1 < p < ∞

Theorem 3.24. H extends boundedly to Lp. Also,

∥H∥Lp→Lp = O

(
1

p− 1

)
as p → 1+,

and

∥H∥Lp→Lp = O(p) as p → ∞.

Proof. Let 2 < p < ∞, then for p′ = p
p−1 , by the property of duality and adjoint operator,

∥ ˜̃H∥Lp→Lp = sup
∥g∥

Lp′=1,

g∈S(R)

|⟨Hf, g⟩L2 |

= sup
∥g∥

Lp′=1,

g∈S(R)

|⟨Hg, f⟩L2 |

≤ sup
∥g∥

Lp′=1,

g∈S(R)

∥ ˜̃Hg∥Lp∥f∥Lp

≤ ∥ ˜̃H∥Lp′→Lp′∥g∥Lp′∥f∥Lp

≤ ∥ ˜̃H∥Lp′→Lp′∥f∥Lp
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≤ 2(p′)1/p
′
[

1

p′ − 1
+

1

2− p′

]1/p′
∥f∥Lp .

⊓⊔
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Appendix A. Riesz-Thorin Interpolation

Theorem A.1 (Hadamard Three-Lines Theorem). Let S = {z ∈ C : 0 < Rez < 1}. Let
f be bounded, continuous on S, and holomorphic on S. For any θ ∈ [0, 1], if

Mθ = sup
y∈R

|f(θ + iy)|

then

Mθ ≤ M1−θ
0 M θ

1 .

Proof. Take az = ez log a, consider

F (z) = f(z)M z−1
0 M−z

1 .

If M0 or M1 equals 0, maximum modulus principle implies that f ≡ 0. We may WLOG
assume M0 = M1 = 1 (homework!). Thus, for z ∈ ∂S,

|f(z)| ≤ max{M0,M1} = 1.

So |f(z)| ≤ 1 for z ∈ S. Let

K = sup
z∈S

|f(z)|.

Consider

fn(z) =
f(z)

1 + k
nz

, on Sn = {z ∈ S : |Imz| < n}.

Im z = 0

Re z = 0 Re z = 1

Re z = θ

Im z = n

Im z = −n

z

Sn

Figure 7. Three-Lines Illustration

Then, clearly, fn(z) → f(z) as n → ∞. Notice that, letting z = x+ iy ∈ S, then

|1 + k
nz|

2 = (1 + k
nx)

2 +
(
k
ny
)2 ≥ 1,

so fn is holomorphic on Sn, and

|fn(z)| ≤ |f(z)| ≤ 1, if z ∈ ∂S.

While if z ∈ ∂Sn and |y| = n,

|1 + k
nz| ≥

∣∣∣kyn ∣∣∣ = k,

so

|fn(z)| =
|f(z)|∣∣1 + k

nz
∣∣ ≤ k

k
= 1.

Thus, we conclude that

|fn(z)| ≤ 1 for z ∈ ∂Sn,
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yielding
|fn(z)| ≤ 1 for z ∈ Sn,

and
|f(z)| = lim

n→∞
|fn(z)| ≤ 1 for z ∈ S.

⊓⊔

Theorem A.2 (Riesz-Thorin Interpolation). Let 0 < p0, p1 ≤ ∞, 1 ≤ q0, q1 ≤ ∞. Fix
0 < θ < 1, and let

1

pθ
=

1− θ

p0
+

θ

p1
,

1

qθ
=

1− θ

q0
+

θ

q1
.

Let T : F → M be a linear operator such that (Tf) · g ∈ L1 for f, g ∈ F , and satisfies

∥Tf∥Lq0 ≤ A0∥f∥Lp0 , ∥Tf∥Lq1 ≤ A1∥f∥Lp1 , ∀f ∈ F.

Then for all such f ,
∥Tf∥Lqθ ≤ A1−θ

0 Aθ
1∥f∥Lpθ .

Proof. Let f ∈ F . By duality, for 1
qθ

+ 1
q′θ

= 1,
(
Lqθ(Rn)

)∗ ∼= Lq′θ(Rn). Also recall that F

is dense in Lq′θ . Hence,

∥Tf∥Lqθ = sup
g∈F

∥g∥
L
q′
θ
=1

∣∣∣∣�
Rn

(Tf)(x)g(x) dx

∣∣∣∣ .
We want to show ∣∣∣∣�

Rn

(Tf)(x)g(x) dx

∣∣∣∣ ≤ A1−θ
0 Aθ

1∥f∥Lpθ .

Since both sides scale linearly when f is multiplied by a scalar, we can replace f with
f/∥f∥Lpθ ∈ F , it suffices to show∣∣∣∣� (Tf)(x)g(x) dx

∣∣∣∣ ≤ A1−θ
0 Aθ

1 if ∥f∥Lpθ = 1.

Let

f =
N∑
j=1

ajαjχEj , g =
M∑
i=1

biβiχFi

where aj , bi > 0, αj , βi ∈ C, and |αj | = |βi| = 1. Define for z = θ + it,

fz =
N∑
j=1

a
λ(z)
j αjχEj ∈ F,

gz =

M∑
i=1

b
µ(z)
i βiχFi ∈ F,

where

λ(z) = pθ

(
1− z

p0
+

z

p1

)
, µ(z) = q′θ

(
1− z

q′0
+

z

q′1

)
.

Define

I(z) =

�
Rn

Tfz(x) · gz(x) dx.

By Morera’s theorem, I : S → C is holomorphic on S, bounded/continuous on S. Let

Mθ = sup
y∈R

|I(θ + iy)|.

Then, by Hadamard three-lines theorem

|I(θ)| ≤ Mθ ≤ M1−θ
0 M θ

1 .
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Notice that when z = θ,

fθ(x) =

N∑
j=1

a
pθ

(
1−θ
p0

+ θ
p1

)
j αjχEj (x)

=

N∑
j=1

ajαjχEj (x)

= f(x),

similarly since 1
q′θ

= 1−θ
q′0

+ θ
q′1
,

gθ(x) = g(x).

Therefore,

|I(θ)| =
∣∣∣∣�

Rn

Tf(x) · g(x) dx
∣∣∣∣ .

Let x ∈ Ei, for arbitrary i ∈ N, when Rez = 0, we have

|f0+iy(x)| =

∣∣∣∣∣apθ
(

1−iy
p0

+ iy
p1

)
j αj

∣∣∣∣∣
= a

pθ/p0
j

= |f(x)|pθ/p0 .
Similarly,

|g0+iy(x)| = |g(x)|q′θ/q′0 .
Summing up, when Rez = 0,

|I(0 + iy)| ≤ ∥Tf0+iy∥Lq0∥g∥
Lq′0

≤ A0∥f0+iy∥Lp0∥g∥
Lq′0

= A0∥f∥pθ/p0Lpθ ∥g∥q
′
θ/q0

L
q′
θ

= A0.

Now let x ∈ Ei as before when Rez = 1, we have

|f(1 + iy)| =

∣∣∣∣∣apθ
(

iy
p0

+ 1+iy
p1

)
j αj

∣∣∣∣∣
= aj

pθ/p1

= |f(x)|pθ/p1 ,
and similarly for g,

|g(1 + iy)| = |g(x)|q′θ/q′1 .
Thus,

|I(1 + iy)| ≤ ∥Tf1+iy∥Lq1∥g∥
Lq′1

≤ A1∥f1+iy∥Lp1∥g∥
Lq′1

= A1∥f∥pθ/p1Lpθ ∥g∥q
′
θ/q

′
1

L
q′
θ

= A1.

We conclude that

|I(θ)| =
∣∣∣∣�

Rn

Tf(x) · g(x) dx
∣∣∣∣ ≤ M1−θ

0 M θ
1 ≤ A1−θ

0 Aθ
1.

⊓⊔
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Theorem A.3 (Riesz-Thorin for Lp → ℓp). We start with a sequence analog of a simple
function with support of finite measure. Let

S = {{ak}k∈Z : ak = 0 for all but finitely many k ∈ Z} .
Let θ, p0, p1, q0, q1, pθ, qθ be as before. Let T : F ([0, 1]) → S satisfy

∥Tf∥ℓq0 (Z) ≤ A0∥f∥Lp0 ([0,1]),

∥Tf∥ℓq1 (Z) ≤ A1∥f∥Lp1 ([0,1])

for all f ∈ F ([0, 1]). Then

∥Tf∥ℓqθ (Z) ≤ A1−θ
0 Aθ

1∥f∥Lpθ ([0,1]).

Corollary A.4 (Hausdorff–Young inequality for Fourier series). If 1 < p ≤ 2 and f ∈
Lp([0, 1]), then {f̂(k)}k∈Z ∈ ℓp

′
(Z) and(∑
k∈Z

|f̂(k)|p′
)1/p′

≤ ∥f∥Lp([0,1]),

where 1
p + 1

p′ = 1.

References

[1] Javier Douandikoetxea, Fourier analysis, AMS Graduate Studies in Mathematics vol. 29,
2001.

Department of Mathematics, Statistics, and Computer Science, University of Illinois Chicago,
Chicago, IL 60607, USA

Email address: xyang212@uic.edu


	Notation and conventions
	Introduction
	1. Fourier Series and Integrals
	1.1. Introduction to Fourier Series and Differentiation
	1.2. Convergence of Fourier Series
	1.3. Summability methods
	1.4. Lp convergence of Fourier Series
	1.5. Fourier Transform
	1.6. Fourier Transform on L2
	1.7. Fourier Transform on Lp, 1<p 2
	1.8. Schwartz Space

	2. The Hilbert Transform
	2.1. Lp Convergence of Fourier Transform and the Hilbert Transform
	2.2. Hilbert Transform Simplification for Fourier Series
	2.3. Hilbert Transform Simplification for the Fourier Transform
	2.4. Marcinkiewicz Interpolation Theorem

	3. Dyadic Intervals
	3.1. What are Dyadic Intervals?
	3.2.  The Hardy-Littlewood Maximal Function
	3.3. Calderón-Zygmund decomposition
	3.4. Weak type estimates for the Hilbert transform
	3.5. Lp Boundedness of the Hilbert Transform

	Appendix A. Riesz-Thorin Interpolation
	References

